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§15. Axcuomot cmepeomempuu
U ux npocmeiniuiue cieoCmeusn

1. Touku A, B, C, D He nexaT B OJHOM IIOCKOCTH.
JokaxwuTe, uro npsmeie AB u CD He mepecekaroT-
ca.!

Homyctum, uro AB u CD nepecekaroTcs, Tora o akcuome 3 uepes
HUX MO>KHO IPOBECTHU IJIOCKOCTb U B HEH JIeXKAT BCE UETHIPE TOUKHU, YTO
MPOTHBOPEYHUT yCIOBHIO 3amaui. Tak uto AB u CD He mepecekarorcs.
Urto u TpeboBaIOCH 10Ka3aTh.

2. MOXHO JH Yepe3 TOUKY IEepecedeHUs MBYX TaHHBIX
MPSIMBIX TPOBECTU TPETHIO MPSAMYIO, HE JISKAILYIO C
HUMH B OHOM INIOCKOCTH? OTBET OOBICHUTE.

MosxHo. ITycTs npsimble a n b nepecekatorcs: B Touke C M jiexar B
wrockocty O (akcmoma 3). Torma Bo3pMeM TouKy D BHE IUIOCKOCTH O
(o akcuome 1) u paccmotpum mnpsimyto CD. Ora npsimast U He TIpUHAI-
JISKHT IUIOCKOCTH 0, @ TUNIOCKOCTh, COAepIKalias NpsiMble a U b, eTUHCT-
BeHHas (akcuoma 3). 3HauwmT, npsmasi CD — yaoBiIeTBOpsET YCIOBHUIO 3a-
JIaYH.

! VenoBust 3ananmii MPUBOAATCS B yueGHBIX LEISIX U B HEOOXOANMOM 00beMe KaK Hil-
JIOCTPaTUBHBII MaTepuan. MiMs aBTopa U Ha3BaHME LUTHPYEMOT'O H3JaHHS YKa3aHbI Ha TH-
TynbHOM IHcTe AaHHOH KHHTHU. (CT. 19 1. 2 3akoHa P® 06 aBTOpPCKOM IpaBe U CMEXKHBIX
npasax ot 9 urons 1993 r.).
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3. Touxu A, B, C nexar B KaXI0H U3 ABYX pa3lIUYHbBIX
IIOCKOCTEH. JIOKaKUTe, 4TO 3TU TOYKH JIEKaT Ha OJ-
HOM MIpSIMOIA.

ITo akcmome 2, Tak Kak o U  mmerorT obmue Touku A, B u C, To
IUIOCKOCTH O, U [} IepeceKaroTcst MO MPSMOM, KOTOpas COAEPIKHT ITH
touku. CrnenoBarensHo, A, B, C npunaiexar ogHoi npsimoid. Uto u
TpeOOBaIOCh JOKA3aTh.

4. JlaHel TpU pa3NUYHbIE [ONAPHO IEpeceKaronecs
IUIOCKOCTH. JIOKaKUTE, YTO €CIIU JIBE U3 MPSIMBIX I1e-
pecedeHns 3THX IUIOCKOCTEH IepecekaroTcs, TO Tpe-
ThSI TIPSIMAst IIPOXOAUT Yepe3 TOUKY HX IEePECcCeUCHNsI.

JlomycTuM IIOCKOCTH O, ¥ [} IepeceKatoTcs 10 MPSMOi @, a IIOCKO-
¢t B ¥ Y — 1o mpsAMoii b, mpuYeM OpsIMBIC @ U b TIEPECEKAIOTCS B TOUKE
C. Torma no akcuome 2 touka C NPUHAUIEKUT BCEM TPEM IUIOCKOCTIM
o, B, ¥, @ 3HAYHT, U TPEThEeH HPSIMOI ¢ MEPECeUCHUs ITIOCKOCTEH O U .
Urto u TpeboBaAIOCH T0KA3aTh.



5. Jlanbl 1Be IUJIOCKOCTH, MEpEeceKarouIrecs no mnpsMoi
a, 1 mpsMasi b, KoTopas JEKHT B OJHOH M3 ITUX
IJIOCKOCTEN M mepecekaer Apyryro. [lokaxwure, 4ro
npsIMbIE @ U b TIEpECEKaroTCsl.

[Tycth o u B mepecekarorcs mo mpsimoit a. U mpsimMast b comepxutcs B
B u mepecekaer o B Touke A. Touka A — oOmiast Touka ABYX IIIOCKO-
creii. Torma o akcuome 2 Touka A npuHaIeKHUT a. To ecTh a u b mepe-
cekarorcs. Yto 1 TpeboBaIoch 10Ka3aTh.

6. UYetrbipe TOUKH HE JIEXKAT B OAHOH IIOCKOCTH. MOryT
JIM KaKue-HUOYIb TPU W3 HUX JIe)KaTh HA OJHOM Ips-
Moii? OOBSCHHUTE OTBET.

Ecnu kakue-HHOYb TPU TOUYKH JISKAT Ha OJHOW NPSIMOM, Torna de-
pe3 3Ty IPSAMYIO U YETBEPTYIO TOYKY MOKHO ITPOBECTH INUIOCKOCTH (TEO-
pema 16.1). B 3101 mumockocT nexaT Bce YETHIPE TOUKH. A 3TO MPOTH-
BOPCYUT YCJIOBHUIO 3ajJia4yu. 3Ha‘lI/IT, HUKAaKWUE€ TpU TOYKU HE MOIYyT
JiexKaTh Ha OJIHOM MpsIMOiA.

7. JloKaxuTe, 4TO uepe3 NPSIMYI0 MOXKHO IIPOBECTHU ABE
pas3iIuyYHbIE IUIOCKOCTH.

3anmaua pericHa B yueOHuke m. 136 cTp. 5.

8. [anml nBe HemepeceKaromuecs INOCKOCTH. JlOKaKu-
Te, 9TO TMpsMasi, MepeceKaronas oOAHy U3 3THUX IUIOC-
KOCTEM, NepeceKaeT u APyTyko.
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Uepe3 npou3BOIBHYIO TOUYKY B 1urockoct [ mpoBemeM mpsamyro b
rapajuiesibHO npsMoi a. Tak Kak npsiMasi a epecekaeT MI0CKOCTh O, TO
nmapaielibHas eif mpsimas b mepecekaeT 3Ty INIOCKOCTh (€CIU TUIOCKOCTh
MepeceKaeT OJHY U3 IBYX MMapaJuIeIbHBIX MPSIMBIX, TO OHA IepeceKaeT 1
Ipyryro: cM. 3agady Nel5 §16), a b nepecekaer riockocts 3. 3Hauwr,
npsAMas a repecekaeT mIocKocTh . UTo 1 TpeGoBaIoCh 10Ka3aTh.

9. JlaHbl 1Be pas3IMYHbIC NpsIMBIE, IepeceKaroIuecs B
Touke A. JloKaxuTe, 4TO BCE NpsAMBIE, MEPECEKaro-
mme o0e JaHHBIE TPsSMBIE W HE MPOXOISIIUE UYepes3
TOUYKY A, JeXaT B OJHON TIIOCKOCTH.

3amava pemieHa B yueOnuke 1. 137 ctp. 6.

10. okaxxuTe, 4TO BCE MpPSIMbIE, NIEPECEKAIOLINE JaHHYIO
MPSIMYI0 ¥ TPOXOASIIUE Yepe3 TaHHYK TOUYKY BHE
MIPSIMOM, JIEKAT B OJITHOM IJIOCKOCTH.

a

[IpoBenaeM IUIOCKOCTH @ Yepe3 JaHHYIO MPSAMYI0 @ M TOUKy A (1o
teopeme 16.1). Ecnu nipsimast b mpoxonut 4yepe3 TOYKy A M mepecekaer
NpsIMYIO @ B Touke B, TO mpsiMast b UMeeT C TIOCKOCThIO O ABE pa3iny-
HbIe oburue ToukH (A u B), a, 3HAUNT, JTEKUT B MOITyUYESHHOH IIOCKOCTH
o (o Teopeme 16.2). Uto u TpeOOBAIOCH T0KA3aTh.
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11. okaxwute, uro ecnu npsmeie AB u CD He nexar B
onHOW twiockoctH, To mpsimble AC m BD Takke He
JIeKAT B OJJHOM IIJIOCKOCTH.

B

Homyctum, aro npsimeie AC 1 BD niexxaT B 07JHO# TITOCKOCTH (!, HO TO-
raa u AB u CD nexar B Toi e IUIOCKOCTH O, TaK Kak UMEIOT C HeH 2 pa3-
TgHBIe o0mmMe ToYkW. [lolygaeM NpOTHBOpEYHE C YCIIOBHEM 3agadi.
3aaunt AC u CD He nexar B 0THON TUTOCKOCTH. UTo U TpeboBaIOCh JOKa-
3aTh.

12. JlaHbl YeThbIpe TOUKH, HE JIEKAIIME B OTHOM IIOCKOCTH.
CKOITbBKO MOYXHO TIPOBECTH Pa3IMUHBIX TUIOCKOCTEH,
MPOXOJSIIMI yepe3 TpH U3 3THX Touek? OOBSICHHUTE OT-
BET.

Yerbipe pa3iauyuHbIX IUIOCKOCTH.

[TnockocTh 3amaercst TpeMsl TOUKaMH HE JIeKAIIUMH Ha OJHOM NpsMoid
(teopema 16.3). Ecm Touku A, B, C, D He nexxaT B OJHOH IDIOCKOCTH, TO
BCE OHU U HUKaKHE€ TPU U3 HUX HE JiexaT Ha oJHOU npsimoil. Tak uro ume-
€M 4eThlpe BO3MOXKHBIE Tpoiiku Touek (A, B, C), (A, B, D), (A, C,D) n
(B, C, D), xoTopblc ONpEeTsIOT YEThIPE PA3IYHbIC TNTIOCKOCTH.

13. MOKHO J1 TIPOBECTH IUTOCKOCTh Ye€pe3 TPH TOUKH, €CITH
OHM JISXKAT Ha O/IHOM MpsMOoit? OOBSICHUTE OTBET.



3anmaua pemieHa B yueOnuke m. 141 ctp. 11.

14. [anb 9eTbipe TOYKU. M3BECTHO, UTO TpsMasi, IPOXO-
JiAIIas depe3 Jro0ble 1BE€ M3 STHX TOYEK, He mepece-
KaeTcs C OpsMOM, MpOXOJsAlIed uepe3 APYyrue JBe
TOUYKH. JloKakuTe, 4TO JaHHBIE YEThIPE TOUKU HE JIe-
JKaT B OQHOM IMIIOCKOCTH.

Homyctum, uro Touku A, B, C, D nexar B omgHO# mmockoctu. Torna
npsimeie AB u CD, AC u BD mapamnensusl, mostomy 1049k A, B, C, D
SIBIIAIOTCS BepiinHaMu napaienorpamma ABCD. Ho Torna nuaronanu
AD u BC srtoro nmapamienorpaMMa JOKHBI I€PECEKATCSI, YTO MPOTH-
BOpEYHT ycioBHIo 3anaun. 3HauntT A, B, C u D He nexar B ogHO# mioc-
kocTH. YTo U TpeboBaIoCh JOKa3aTh.



§ 16. Ilapannenvnocms npsamvix u naocKocmeil

1. [okaxure, uyto ecau npsmele AB u CD ckpenuBaro-
uecst, To npssMbie AC u BD Toxe ckperuBaroume-
csl.

Ecmu mpsmeie AC 1 BD He SBIAIOTCS CKPEIIUBAIOMIMMUCS, TO OHH
MOTYT OBITh IEPECEKAIONIMMUCS WIN MapaljIeIbHBIMU, HO B 000UX CIy-
yasgxX OHHM JIeKaT B OJHOM IIOCKOCTH O, Toraa Ae o, Be o, Ce a, De o
Takum oOpazom, npsimeie AB u CD Tarxke nexaT B OIHOW IDIOCKOCTH,
9YTO HEBO3MOXHO 1O ycnoBuio Tak kak AB m CD ckpemuBaromuecs.
3naunt, AC 1 BD — ckpeumBatomuecs. Uto u TpeboBanoch g0Ka3ars.

2. Moxso 1 yepe3 Touky C, HE TPHHAIICKAIIYIO
CKPEIIMBAIOIIUMCS TIPSIMBIM a U b, TIPOBECTH [BE
pa3nu4HbIe MpsIMbIe, KaXIast U3 KOTOPBIX MepeceKkaeT
npsimbie a 1 b? OOBSICHHUTE OTBET.

5 - C

Henp3s. Ins toro, uroOsl mpoBecTn mpsimyio u3 Touku C, mepece-
Kalollyto npsiMble a U b, Touka C JODKHA JIekKaTh B OJHOW TUIOCKOCTH C
a u b. Ho a m b He nexar B OIHOH IUIOCKOCTH, TaKk Kak OHH
CKPEIIMBAIOIIUECS TIPSIMBIE.

3. [lokaxurte, 4TO BCEe MpsIMBbIE, MEPECEKAIOLIUE JBE
JIlaHHbIE TapajulebHbIE IpsIMbIE, JIEKAaT B OIHOMN
TUTOCKOCTH.

3anmaua pemiena B yueOHuke m. 141 ctp. 11.
4. [Ilpsmeie a u b nepecekatorcs. JlokaxuTe, 4To BCe

npsIMBIE, Tapaiie’bHble IPsMON b 1 IepeceKaroiue
HPSAMYIO a, JIeKaT B OJHOM INTIOCKOCTH.
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[TycTh ¢ — mpou3BoJbHAs NpsMas, NapajulienbHas NpsIMoi b, nepe-
cekaromias npsamyto a. [Ipsimeie @ u b obpamaror wrockocts o. IIpose-
JEM 4€PE3 TOUKY C MEPECCUCHU NPAMBIX d U ¢ B IIIOCKOCTU o MpsAMYIo
¢1, mapayutensHyto b. ITo Teopeme 17.1 uepe3 Touxy C MOXHO IPOBECTH
TOJIBKO OZIHY MPSIMYIO, TTApayIebHy 0 b. A, 3HaUHT, MpsAMast ¢ COBIaIa-
€T ¢ IPAMOii ¢y, a, 3HAYUT, IPUHAATIECKUT IIJIOCKOCTHU OL.

Urak, nmobast psmast ¢, napajuielibHast b U nepecekaromasi Ipsmyro
a, IeXUT B TNIOCKOCTH OL.

5. Uepes xoHups! orpe3ka AB u ero cepenuny M npose-
JICHBI TapajuleNbHbIe TPSMBIC, ITepPeceKarole HeKo-
TOpPYIO INIOCKOCTH B Toukax A, B; m M,. Haiinure
JIUTMHY oTpe3ka MM, ecnu oTpe3ok AB He mepeceka-
€T IUIOCKOCTb U €CJIH:
1)AA1:5 M, BBl:7M,

2) AA,=3,6 M, BB, =4,8 om;
3) AA|=38,3cm, BB =4,1 cm;
4) AA;=a,BB,=0.

U3 pemenus 3agaun Ned cnenyer, uro npsimeie AA;, MM, BB, nexar B
OJTHOM TTOCKOCTH 3.

B
B
M
A
a X b
4, M, B,

3Haunt Touku A;, B; m M, nexar Ha mpsamoii A;B; mepeceuenus
rockocreit o0 m B. PaccMoTpum nanee kapTHHKY B rutockoctu B. ITo
teopeme Daneca M; cepenuna orpeska AB;. A, 3nauntr, MM, — cpen-
Has TuHMS Tpanenuu AAB B u o Teopeme o cpeanei muHUM:
12



1
MM, = 5 (AA, + BBy). Torna:
1
1) MM, = 5(5 +7)=6 (m);
1
2) MM, = 3 (3,6 +4,8) =42 (um);
1
3) MM, = 5 (8,3+4,1)=6,2 (cm),
4) MM, = %(a ).

6. Pemmte mpeapaynIyo 3agady Npy yCIOBUH, UYTO OT-
pe3ok AB nepecekaeT miIoCKOCTb.

B
M b
4 D, * B
M _ Pl |
a - la
l/,”T/C |
fo R [, K
A X,

Honycrtum, uto AA;| < BBy, Torna kak u B 3aaauye NeS5 nosnyyaem pu-
CYHOK.
Paccmorpum ABAB;: Ilycte MC — cpenHss IUHUS TpeyrobHUKA U,

1
3Haunt, MC = E BB,.
Paccmotpum AAAB;: M|C — cpennsisi TuHHUS TPEyroibHHUKA, TO-

1
stomy M,C = E AA,.

Torga MM, =MC - M,C = %BB, - %AAI.

Ecnu AA, = BBy, Toraa aHajgoru4Ho Nojay4yaem:

MM, = %AAI - %BBl. 3Hauut, MM, = % |AA; — BBy
Torpa:

1
1) MM, = E|5_7|:1(M);
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2) MM, = % 3,6 — 4,8 = 0.6 (aw);

1
3) MM, = (8.3 - 4,1 =2,1 (em);

4) MM, = %|a —b|.

7. Uepes koHen A otpe3ka AB mpoBeneHa IIOCKOCTb.
Yepes koHen B u Touky C 3T0ro orpeska IpoBeACHBI
napajuiesibHble MpsiMble, IIEPECeKaoIne INIOCKOCTh B
toukax B, u C,. Haiinute mmunay otpeska BB, ecmu:
1) CC;=15cm, AC: BC=2:3;
2)CC;=8,lcm, AB: AC=11:9;

3) AB=6cm, AC: CC=2:5;
4) AC=a,BC=5b; CC,=c.
B
3

A G B
Ipsmeie BB, 1 CC; 00pa3yioT 1miockocts [, KOTOpas COXEPKHUT
npsiMyto AB u nepecekaeT qaHHYIO INIOCKOCTh IO npsiMoit AB, Tak, 4to
B TUTOCKOCTH B uMeroTcst aBa momoOHsIX Tpeyromsanka ACC; u ABB;

(yrom A 'y uux o6umit, a ZC u £ B rak kak npsmsie CC; 1 BB, mapa-
nenbHbl). Torma:

AB BB, AC+BC BB, BC BB,
—=——,T0CTh ———=—, l+—=—+,
AC CC, AC 15 AC 15
BB
142 =580 Bp —15.22375 (cm);
215 2
BB
2) ﬁz—l, BB, _AB CC, =£-8,l=9,9 (cm);
AC CC, AC 9
BB, CC
3) —L=—1.BB, = G aB=3.6=15 (cm);
AB AC’ AC 2
BB, CC
4) AB=AC+BC=a+b. lanee: —-=—1_;
AB  AC

AB-CC; c(a+b)
AC a

BBl =
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8. [anwl napamienorpaMM M HE MepeceKarolas ero
IJIOCKOCTh. Yepes BepLIMHBI NapajuiesorpaMma npo-
BEJICHBI MapaJljIesibHbIE MIPSIMbIE, MepeceKarolue JaH-
HYI0 TJIOCKOCTh B Toukax Aj, By, C; u D,. Haiinute
iy otpeska DDy, ecnu:
1)AA1:2M, BB1:3 M, CC1:8M,
2)AA|=4m,BB;=3Mm,CC=1wm;

3) AA;=a,BB;=b,CC;=c.

ITycte M — ToOuka mnepecedeHUs AUAroHajled mNapauienorpaMma
ABCD. IIpoBenem uepe3 M mpsMyro, MapauieNbHYIO TPSMBIM AA|,
BBl, CC1 )4 DD]

D o

B

=4

OHa nepeceyeT JaHHYIO IUIOCKOCTh B TOuke M, Tak Kak eciu OJHa
mpsiMasi TIepeceKaeT IUIOCKOCTh, TO U MapajulebHas eil mpsMasi mepece-
kaer miockocTtb. Ilycte DDy = x. MM, — cpeassis JuHUS Tpaneuuu
ACC A, (cnexyet u3 3amauu 5). Ho ¢ mpyroit croponst MM, — cpennsis

1
muaus Tparnenuu DD B B. Tak uro MM, = E(BBI + DDy). Torma

AA,;+CC, _ BB, +DD,
2 2
1) DD;=2+8-3=7(m);
2) DD;=4+1-3=2(m);
3) DD;=a+c—b.

, To ectb DD;= AA, + CC, — BB,. Torna:

9. TIlpsmble ¢ U b He JIeKaT B OJHOW IUIOCKOCTH. MOXKHO
JIF TIPOBECTH NPSIMYIO ¢, TTAPAIDISIBHYIO MIPSMBIM @ U b?

Eciu ¢ mapanensHa a 1 b, To npsAMble NapaienbHble (110 TeopeMme
17.2), a cnenoBaTenabHO, JEKAT B OJHOW IIOCKOCTH, YTO MIPOTHBOPEUUT
ycnoButo. Tak 4To Henb3sl.

10. Touku A, B, C, D He nexxat B oqHO# mockocTu. Jlo-
KQXHUTE, YTO MpsMas, MPOXOIAIIas Yepe3 CePeAUHBI
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otpe3koB AB u BC, mapamiensHa npsmMoi, npoxoss-
uieit uepes cepeaunsl orpe3koB AD u CD.

B D
c!

A

[lycts a — npsimast, mpoxonsamas depe3 cepenunasl AB u BC, a b —
npsiMas, npoxozsmas uepes cepeaunsl CD u AD. Torna 8 AABC: nps-
Masi a — cpenuss quHAS B AADC: mpsimast b — cpenass muHuSA.  Tak
9710 mpsiMas a napautensHa AC, u npsimast b mapannensHa AC, a, 3Ha-
YHT, IpsIMBIE @ U b nlapauienbHbl. YTOo 1 TpeboBaIoch JOKa3aTh.

11. [lokaxkuTe, YTO CEpPEeIWHBI CTOPOH MPOCTPAHCTBEH-
HOTO YETBIPEXYTOJbHHUKA SBIAIOTCS BEPIINHAMM Ma-
pannenorpaMMa (BEpIIMHBI IPOCTPAHCTBEHHOIO Ye-
THIPEXYTOJILHUKA HE JIeKaT B OJHOM IIIOCKOCTH).

3anaua penieHa B yueOHuke 1. 142 crp. 13.

12. [ansr wetsipe Touku A, B, C, D, e nexamue B of-
HOM IUIOCKOCTH. Jlokakute, 4TO MpsMbIE, COEAU-
Hsomue cepeaunsl orpe3koB AB u CD, AC u BD,
AD u BC, nepecekarorcs B OTHOH TOUKE.

ITycts Touku M, N, K, L, P, Q — cepenuns! otpe3kos AB, BC, CD,
AD, BD, AC coOTBETCTBEHHO.
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W3 3apaun Nell momyvaem, uro otpesku MK u NL sBnsroTcs quarosa-
ssiMu napasuienorpamma MNKL ¢ BepinHamu B cepeiiHax CTOPOH YEThI-
pexyromsarka ABCD. 3maunt, MK u NL mepecekatoTcss B HEKOTOpPOH
Touke O m AensaTcs 3Tol Toukoi momonaM. Takxke otpesku PQ u NL sB-
JISTFOTCST TMaroHasimu napasienorpaMmMa PNQL ¢ BepmmHamu B cepeu-
Hax cTOpoH YerbipexyronsHuka ABCD, 00pa3oBaHHOTO 3THMH CTOpOHa-
mu. 3HaunT, PQ m NL mepecekaroTcss u B TOUKE IMEPECEUCHUS MEISATCS
morosamM, a Tak kak O — cepenuaa NL, 10, 3HaunT, O — cepenmna PQ. U
PQ u NL nepecekatorcst B Touke O. Tak uto nckomsle npsimbie MK, NL u
PQ, coepunsirouue cepeaunsl otpeskoB AB u CD, BC u AD, AC u BD
COOTBETCTBEHHO NEpeceKaroTcsi B oJjHON Touke O, 4To M TpedoBaIOCh /10-
Ka3ath.

13. Man tpeyronbuuk ABC. IlnockocTs, mapaienbHas
npsimoii AB, mepecekaer cropony AC sTtoro Tpe-
yroJIbHUKA B Touke A, a cropony BC — B Touke B;.
Haiinute nnuny orpeska A By, ecnu:
1)AB=15cM, AA;: AC=2:3;
2)AB=8cm, AA;: A|C=5:3;
3)BIC=10cm, AB: BC=4:5;
4)AA;=a,AB=b,AC=c.

B

Tak xak AB mapamrensHa miockoctd, To AB || A|B), Tak kak A B, ie-
XKUT B IIIOCKOCTU. A, 3HauuT, AABC ~AA;B,C, (no asym yriam). Torma:

1 A1C=A1B1’ AIBI=AB.(A1C)=AB.(AC—AA1)=
AC AB AC AC
AA 2
= AB(1-—L)=15(1-2) =5 (cm);
( AC ( 3) (cm)
2) AC AB  AC+AA, AB R
AC AB,  AC AB, 3 AB,’
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AB, _AB _AB-B,C 104

3 , AiBj=————=—-=8 (cm);
) BC BC "' BC 5 (cm)
AB
4) AC=AA,+A,C=a+c. Janee 11=_B,
AC  AC
A131=M=£.
AC a+c

14. UYepe3 naHHy0 TOYKY MpOBEIUTE MNPSAMYHO, Mapai-
JIETbHYI0 K)XKJOH M3 IBYX JaHHBIX MEPECEKAIOIIUXCS
IUIOCKOCTEH.

ITycTh naHHBIE MIOCKOCTH NepecekatoTcs nmo npsmoit AB. IIposenem
4yepe3 Touky M mpsiMyto, napauienbHyto npsaMoil AB. OHa enuHCTBEH-
Has (Teopema 17.1). Dto u Oyzer uckoMas mpsmasi.

15. [lokaxxure, 4TO €CIIU IUIOCKOCTh MEPEeCceKaeT OAHY U3
JIByX MapajjelbHbIX MPSMBIX, TO OHA IEepeceKaeT U

IPYTYIO.
3anmaua pemiena B yueOHuke . 143 ctp. 13.

16. Jloxaxwure, 4To uyepe3 JOOYI0 U3 IBYX CKpEIIMBArO-
MXXCS TPSIMBIX MOXKHO HPOBECTH IIOCKOCTh, Mapail-
JIENbHYIO JPYTroi IpsIMOH.

b
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IMycts @ u b cxpemmBatomuecs npsivMbie. Uepes o0y0 TOUKy Ha
NpSIMOU @ TIPOBEJIEM Yepe3 MpsiMyro b mapajuiesibHyto npsimoii b. Torma
npsiMble a u by 00pa3yroT mwiockocTs O.. [To Teopeme 17.3 ona Oyzner ma-
pajuienbHa npsiMoit b. Uto u TpeOboBaoch 10Ka3ath.

17. JlokaxkuTe, 4TO €CIAM [BE IJIOCKOCTH, IEPECEKaro-
rgecsl o MNpsSMON a, TIepeceKaroT IUIOCKOCTh O IO
napajulesibHbIM MPSMBIM, TO IpsMasi a napajuieiabHa
MIJIOCKOCTH QL.

IycTh IIOCKOCTH [3 ¥ Y IEPEeceKaroTcst MO MPSMON a U MEePECEKatT
IUIOCKOCTB Ol IO MapaJuleNbHBIM NpsMbIM b U ¢. Ecin npsamas a He ma-
paJutesibHa TIOCKOCTH (L, TO OHA IEPECceKaeT IIOCKOCTh 0L B HEKOTOPOH
Touke A. Torma Touka A MPUHAICKUT BCEM TPEM IUIOCKOCTSIM O, 3 1 Y,
a, 3HAuuT, U IpsAMbIM b 1 ¢. Takum oOpazom, mpsiMbie b U ¢ UMEIOT 00-
IIYIO TOYKY A, 4TO MPOTHBOPEUUT yCIOBHIO. Tak 4TO @ mapajuiesbHa a,
9TO U TpeOOBAJIOCH TOKA3AaTh.

18. [lokaxwure, 4TO eciay NpsMas MepecekaeT OIHYy H3
JIByX MapauleIbHbIX IUNIOCKOCTEH, TO OHA MepeceKaeT

U IPYTYIO.

I[OHYCTI/IM IIIIOCKOCTH Ol B napajijiejibHbl, a MpsAMadg ¢ NepeCceKacT

IUIOCKOCTH O B TOYKE A.
19



IpearmonoXum, 94To 3Ta IpsiMasi He IEPeceKaeTcst ¢ IIOCKOCThIO [3.
Bosemem B miockocTd 3 Touky B u mpoBegeM miockocTs Y depes mpsi-
Myio ¢ 1 Touky B. TIockocTs Y mepecekaercs ¢ IIOCKOCTAMHU O, U 3 1o
mapaieIbHBIM MPSMBIM a U b (Teopema 17.6). Ho mo mpenmnonoxeHuto,
npsiMasi ¢ IapajielbHa II0CKOCTH 3, a MO3TOMy IpsMast ¢ IapajuieibHa
u npsiMoii b (Teopema, oOpartHast Teopeme 17.3).

[Moxyunsioch, 9TO B MJIOCKOCTH Y 4epe3 TOYKy A K mpsmoit b
MMpOBECACHBI ABC PAa3JIMYHLIC MAapalJICIbHBIC MPAMBIC @ U C, YTO IIPO-
THBOPEYHUT aKkcHoMe. 3HAUYNUT NPEAIOI0KEHHEe HEBEPHO U ¢ Iepece-
Kaer f.

19. [lokaxwure, 4TO Yyepe3 ABE CKPEIIUBAIOIINECS MPSIMBbIE
MOXHO ITPOBECTH IapaJUIEITbHBIE IIIOCKOCTH.

3anaua penieHa B yueOHuke 1. 144 ctp. 14.

20. Yepes maHHYIO TOYKY HPOCTPAHCTBA MPOBEIUTE IPS-
MYI0, NIEPECEKAIONIYI0 KaXIYI0 U3 JIBYX CKPELIMBaIO-
X cs MpsAMbBIX. Beeraa i 3To BO3MOXKHO?

[TycTtb a 1 b — cxpemuBaronecs: npsimpie, M — nannas Touka. Mc-
KOMasl IpsiMasi X BMECTe ¢ KaKIOW M3 ITUX NPSAMBIX a U b ompenenser
ockocTs (akcroma 3).ITycTs o ¥ B — 3TO TIOCKOCTH.

[Tnockocty o ¥ 3 OAHO3HAYHO ONPEAEISIOTCS TOYKOW M U IIPSIMBIMHU
a u b (teopema 16.1). Hao60poT miockocTy oL ¥ 3, KOTOPBIE MBI MOXKEM
MIOCTPOUTH TI0 TOUKEe M U IIPSAMBIM @, b B IepeCeUCHUH JaxyT MPSIMYIO X.
Ecnu npsimast x mepecekaet npsiMele a U b, To x — nckomast npsimasi. Ec-
nu x OyJer napauienbHa NpsIMBIM d U b, TO, 3HAUUT, PELICHUS HE CyIle-
cTByeT. DT0 OyzmeT eciii Touka M NpHHAIUIEKUT TUIOCKOCTH, ITPOBEICH-
HOW dYepe3 MpsAMYIO0 b MapajulebHO MPSMON @ WM )K€ €Cli Touka M
JISKUT B TIOCKOCTH, IPOBEACHHON Yepe3 NPsAMYI0 a HapaiiebHO Mps-
Mo b. Eciu ke Touka M NeUT Ha MpsSMoOi a, Ha NMPSIMOH b, TO MOYKHO
poBecTH OECKOHEYHO MHOTO IIPSIMBIX, YAOBJIETBOPSIONINX YCIOBHIO 3a-
JTAYH.
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21. JlokaXXuTe, YTO TEOMETPUYECKOE MECTO CEpEeIUHbI
OTPE3KOB C KOHIAMH Ha JBYX CKpPEIIMBAFOIIMXCS
HpPSAMBIX €CTh IUIOCKOCTb, MapajulesibHas 3TUM Ips-
MBIM.

IlycTte cepenuna otpe3ka AB — Ttouka M, rne A u B npunamnexar
CKperuBaromumMes npsmeiM a 1 b. IIpoBenem uepes npsimbie @ u b ma-
pajuIebHbIe IIIOCKOCTH O U B, a 4epe3 TOYKy M IIpoBeAeM IIOCKOCTh Y
napajuleNbHO IockocTsiM o 1 3. Torma Bce paccMaTpuBaeMble cepeiu-
HBI OTPE3KOB MIPHUHAUIEKAT INIOCKOCTH Y. UTO M TpeGoBaJIOCh 10KA3aTh.

22. [Hansl yetsipe Touku A, B, C, D, He nexaniue B of-
HOHM TIOCKOCTH. JIOKaXHTE, 4TO JIF00as TIOCKOCTD,
napaiensHas npsameiM AB u CD, mepecekaer mps-
mbie AC, AD, BD u BC B BepmmHax mapauieno-
rpaMmMa.

T

A
NS

2D

JomycTtuMm HEKoTOpast MIOCKOCTh O MapajuienabHa npsaMeiM AB u CD.
CoriacHO yTBEP)KACHHUIO: €CIH IUIOCKOCTh 3, IPOXOAUT 4epe3 mps-
MYIO @, HapallelIbHy0 APYroil INIOCKOCTH (L, U IepeceKaeT 3Ty IUIoC-
KOCTB 110 BTOPOM NpsiMOii b, TO mpsiMble a u b napautensHsl. M3 mapan-
JenpbHOCTH mpsMod AB u IuiockocTH O ciedyer, 4YTO IIOCKOCTH
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onpenenenHsle Tpems Toukamu ABC n ABD nepecekaroT mi10CKoCTb O
IO TIPSIMBIM a U b, mapaensHeIM psMoit AB. U3 teopemsr 17.2 cieny-
€T, 4TO IPsAMBIE a U b mapaenbHbl.

N3 napannensHocty npssmoi CD U MIOCKOCTH Ol CIEXyeT, YTO II0C-
koctt ACD m BCD mepecekaroT MIOoCKOCTh O TIPSIMBIM ¢ U d Tlapai-
nenbHbIM npsiMor CD, a, 3Hauwr, c||d. Kaxxnas u3 Toyek nepeceueHus
wiockoctu o ¢ mpsimbiMa AC, AD, BD, BC nexxat B IIT0OCKOCTH OL U 5IB-
JSIETCSl TOUKOW MEepPEecedeHHs KAaKUX-TO ABYX HE MapaijielbHbIX U3 Mps-
MBIX a, b, ¢, d. Hanpumep, Touka mepeceuenus: npsmoit AC ¢ ocko-
cTeio O mpuHAmIeKUT mmiockocTsM ABC u ACD, a 3HauuT sABIAETCS
TOYKOH NepecedeHust NpsAMbIX b U ¢, rae b u ¢ — mpsiMble TepeceueHus
miockocty 0. ¢ wiockocTsIMH ABC n ACD coOTBETCTBEHHO.

Tak kak npsiMble @ U b, ¢ 1 d TIONAPHO TapaUIENBHbI, TO TIOCTPOCH-
Has [0 YCJIOBUIO 3aa4n (HUrypa ecTb napamuienorpamm. Yro u tpedosa-
JIOCh 10Ka3aTh.

23. IlmockocTtu O ¥ B mapasuiensHsl IIOCKOCTH Y. MoryT
JIM TIOCKOCTH O, U 3 epecekaTbes?

3anaua penieHa B yueOHuke 1. 145 ctp. 15.

24. TInockoctu o u § mepecekarotcsi. JIokaxkute, 4TO JIFO-
0ast TIOCKOCTh 'Y NepeceKaeT XoTs Obl OJHY U3 IUIOC-
Kocteit o, 3.

Ecnu 651 TIIOCKOCTB Y HE TIepeceKaslach HH € OJIHOW M3 INIOCKOCTEH 0,
B, To mmockoctH ¢ u 3 ObuTH GBI MApaUIENIBHBI ITIOCKOCTH Y, @ 3HAYUT U
MEXay coDOi, 4TO MPOTUBOPEUHT YCIOBHIO 3aJlauH (TaK Kak o u 3 mepe-
cekarorcsi). [loiaydaem, 4TO INIOCKOCTH X IIepeceKaeT XOTs Obl OJHY U3
IUIOCKOCTE# O WK 3, 9TO M TpebOBaIOCh JOKa3aTh.

25. [okaxwurte, 4TO BCE MpsIMble, NPOXOISLINE Yepe3
JMAHHYIO TOYKY MapajuIelIbHO NaHHOH IIOCKOCTH, Jie-
aT B OJHOU IJIOCKOCTH.

Y
—— e
/ B/ﬁ
e b,
—_——————
/ -A a
o
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Ilycts B — naHHas Touka M 0 — JaHHas IUIOCKOCTb. IIpoBenem ue-
pe3 Touky B mrockocTs B, mapanienbHyro MIOCKOCTH O.

[Tycte b mpou3BOIBHAS MpsIMad, MPOXOAIIas yepe3 ToUKy B, mapai-
JIeTbHO 0. BOo3pMeM B IIIOCKOCTH (L IPOM3BOJIBHYIO TOUKY A M POBEIEM
gepe3 TOUKY A H mpsiMyto b 1ockocTs Y. Toraa miockocTs Y mepecekaeT
IUIOCKOCTH O ¥ [ [0 TapasuieNbHbIM MPSAMBIM @ | by, HO TIpsiMasi by TIpo-
XOIHT yepe3 TOuKy B, a mpsamast b Toxe IEXKUT B IIIOCKOCTH Y, U IPOXO-
JUT uepe3 Touky B u o teopeme 17.3 (oOpaTHOIT) napayiesapHa mpsaMon
a,. Torna mo akcuome mpsiMble b M b; JIOJDKHBI COBIANATh, MOITOMY
npsMast b JeXKUT B IIOCKOCTH [3, 9TO 1 TpeGOBAIOCH T0Ka3aTh.

26. Yepe3 naHHYIO TOUKY MpPOBEAMTE IIOCKOCTb, Mapai-
JeTBHYI0 KaXKI0H U3 IBYX IePeCceKaroIXCs PSIMBIX.
Bceerma am 5T0 BO3MOXKHO?

ITpoBenem uepe3 naHHYIO TOUKY A TMpsMble @; U b, mapajienbHble
JIAaHHBIM TpsIMBIM a U b, (Teopema 17.3). Ilpsimble a; u b, onpenensor
HCKOMYIO TJIOCKOCTb OL.

DTy IIOCKOCTh MOKHO ITOCTPOUTH, TOJIBKO, IPH YCIOBUH, €CIH TOU-
Ka A He JI©KHT B IUIOCKOCTH, 00pPa30BaHHOMU NPSIMBIMU a U b.

27. Tapamnenorpammel ABCD u ABC D, nexat B pa3HBIX
INIOCKOCTAX.  JIOKaKHMTe, YTO  YeThIPEXyTOJIbHUK,
CDD,C, Toxxe mapasuiesiorpamm.

B

D,
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[TpoTuBoJekKame CTOPOHBI NapajuIeIOTPaMMOB MapajiedbHbl 1
pasHbl, no3roMmy CD = AB = C,D,. ITonyuaem, uro npsmsle CD u C,D,
napajuiesibHbl OpsAsMoi AB u, cienoBaTenbHO, NapajuledbHbl MEXKIY CO-
6oit (Teopema 17.2). 3uaunt gerpipexyronsauk CC DD 3to mapamnerno-
rpamMM. Uto u TpeGoBasIoCh 10Ka3aTh.

28. UYepes BepmmHbl napautenorpamma ABCD. nexarie-
ro B OJHOM U3 ABYX NapajlIeNbHbIX IIJIOCKOCTEH, IPO-
BCACHBI MapaJlJICJIbHbIC NPAMBIC, ITCPCCCKAOIUE BTO-
pyto iockocTh B Toukax Aj, By, Cy, D;. Jokaxure,
910 4YeThIpexyroidbHuk A;B;C,D; Toxe mapamieno-
rpaMM.

B, )

1 Dy

Ilo cBolicTBY mapajuieNbHBIX IJIOCKOCTEH M Teopeme 17.2, momydaem
4TO:

A1B1 || AB || CD || C]Dl, a TaKXeE A1D1 || AD || BC || B]C] H03TOMy
A;B;C,D; — napamrenorpamm (1o ompenenenuro). Uro u TpeboBaioch
JIOKa3athb.

29. Yepes BepmuHbl Tpeyroiapanka ABC, nexamero B
OJTHOM M3 JIBYX MapauIeIbHBIX IIOCKOCTEH, IpoBe/Ie-
HBI TIApAIIICIBHBIC MPSMBIC, MMEPECEKAIOIIHE BTOPYIO
TUTOCKOCTH B TOUKax Aj, By, C;. Jlokaxxute paBeHCTBO
tpeyronsaukoB ABC u A BC;.
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ITo cBoiictBy mnapamiensHbix Mmiockocteir AC||A;C;, BC|B|C; u
ABJ|AB,. Taxxe AA,||BB,||CC,. Tak uto uerbipexyronsHuku AA BB,
BB,C,C, CCA|A mapammenorpaMMbl (X TPOTHUBOJCKAIINE CTOPOHBI
MONIapHO MapajuienbHbl). Tak Kak y mapaiuiesiorpaMMa IpOTHBOJIEKAIINE
croponsl paBHbl, T0 AB=AB;, BC=B,C,, AC = A,C,. 3nauur, Tpe-
yronsauku ABC u A B;C, paBHbl o TpeM cropoHaMm (3-i mpHu3HaK pa-
BEHCTBA TPEYTOJIHHUKOB). UTO U TpeOOBaIOCH TOKA3aTh.

30. Tpu mpsiMble, MPOXOASIIUE Yepe3 OAHY TOUKY, Mepe-
CEKal0T JaHHYI0 IUIOCKOCTh B Toukax A, B, C, a ma-
palUIeTBHYIO €# IIocKoCTh B Toukax A, By, C;. Hdo-
kaxwurte nogodue TpeyronsHukoB ABC n A B, C;.

IIycts O — nanHas ToyKa.

o

Paccmorpum mapst TpeyronsHukos OA B, u OAB, OB,C, u OBC,
OC[AI u OCA.

Tak KaK IUIOCKOCTH O U [3 IapajulesbHbl, TO 3TH TPEYrOJbHUKHU I10-
JIOOHBI.

W3 momobus cnemyer, 94To:

OB, AB; OA;, B/C;, OB; OC;.

OB AB OA  BC OB OC

0,C; OA; AC

oC OA AC

> >
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W3 31ux nponopuuii mojgydaeM, 4ro

ABr _AG _BG

. A 3Ha-

AB AC BC
YUT, [0 TPU3HAKYy MOAOOHMS TPEYrONbHUKOB (TI0 TPEM CTOpPOHAM)::
AABC~AAB,|C,. Uro u Tpeb0oBanoCch 10Ka3aTh.

31. JlokaxuTe, 4TO €CIIM YEThIpPe MPSMBbIC, MPOXOISAIINE
gepe3 TOYKy A, TEepeceKarT IUIOCKOCTh O. B BEPIIU-
Hax MapajiesorpaMMa, TO OHH IEPECEeKaoT JI00YI0
TUIOCKOCTB, MapajyieJbHyI0 Ol U HE TPOXOASLIYIO Ye-
pe3 A, Toxke B BepIIMHAX HapajieiorpaMma.

I[Iycte A — nannas Touka, BCDE — pmaHHBI mapamienorpamm.
Paccmotpum mnockoctu BAC, CAD, DAE, EAB.

IIo Teopeme 0 nepeceueHuu JBYX Ia-
pallIenbHbIX IJI0CKOCTEN TpETheH:
BC||B,C;, CDJ||C,D,, ED||E,D;, BE|B;E;.
Tak uro B,C|BC|[ED|E;D;, To ecTb
B]C1||E1D1 " B1E1||BE||CD||C1D1, TO €CThb
B,E,||CD;.

A, smaunr, B,C;D;E;— Taxxe
napamtenorpamMm. Yto u TpeboBanoch
JIoKa3arh.

32. [anbl 1Be napasuieiabHble IIIOCKOCTUH. Uepes3 Touku A
1 B onHOM M3 3TUX MapajjIeNbHBIX MIOCKOCTEH Mpo-
BCACHbI MapaJlJICJIbHbIC NPAMBIC, ITCPCCCKAOIUE BTO-
pYIo IIOCKOCTh B Toukax A; u B;. Uemy paBen otpe-

30K A By, eciu AB = a?

[IpoBenem uepe3 mpsimeie AA; u BB,
miockocTs. OHa mepecekaeT IIOCKOCTH O
u B mo mapawiensHeIM TpsAsMbIM AB wu
AB;. A 3HaUMT  YETHIPEXYTOJBHUK
AABB| — mapamnenorpamm, Tak Kak
ABJ|A;B; u AA||BB,. Y napannenorpamma
MIPOTUBOJIEKAIINE CTOPOHBI PABHBI, TIO3TO-
My AB=AB;=a.

1
)
P

33. [anbl 1Be napajuienbHble IJIOCKOCTH O U O U TOYKA
A, He nexamas HA B OJJHOM M3 3THX IUIocKkocTer. Ye-
pe3 T. A mpoBezneHa npou3BoibHag npsmast. [lycts X,
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U X; — TOYKHU MEPECEUEHUsl ee ¢ IUIOCKOCTAMU O U
0. JlokakWte, YTO OTHOIICHWE JJIUHBI OTPE3KOB
AX| : AX, He 3aBHCHT OT B35TOU MPSMOIA.

3anaua penieHa B yueOHuKe 1. 146 ctp. 16.

34. Touka A NEeXHUT BHE TUIOCKOCTH O, X — IMPOU3BOIb-
Hasl TOYKa IUIOCKOCTH O, X; Touka oTpe3ka AX, ne-
JIAIasl €ro B OTHOIICHHUH M : 1. JIOKOKHUTE, YTO I'eo-
METPHYECKOE MECTO TOUeK X; €CTh IUIOCKOCTbh, IO
napajuiesibHasi INIOCKOCTH OL.

Bo3bMmeM B IJIOCKOCTH (L IPOM3BOJIBHYIO TOUKY X, IIOCTPOUM COOT-
BeTcTBYIOUYI0 TouKy X; (AX; : XX; =m : n) ¥ npoBereM uepe3 TOUKY
X, mwiockocTh B, mo mapauienabHyo o. JIoKaxeM, 4To ILIOCKOCTh 3 —
COOTBETCTBYIOIIEE TEOMETPUIECKOE MECTO TOUEK.

A

m

1) dns mo00# ToukH Y IUIOCKOCTH O
Touka  Y;  [epeceyeHus:  OpsMoi
AY,: Y, Y =AX,: X\ X=m:n, orcrona
ClIeyeT, uTo JIto0asi TOYKa IIOCKOCTH [3
YIOBIIETBOPSIET JAHHOMY YCIIOBHIO.

2) Ecnu mnst Touku Y IUIOCKOCTH O
TOuKa Y, AeNUT 0Tpe3ok AY B oTHouIe-
HHUH M : 1, TO U3 COOTHOILICHHUS MyHKTa |
CJIEIyEeT, 4TO TOYKa Y, COBMAJAET C TOY-
KOH Y| U MO3TOMY IPHUHAUIEKUT ILIOC-
KocTH .

,HBa YKa3aHHBIX YTBEPXKACHUA O3HAYAIOT, YTO pacCMaTpuBa€MO€ Ic€o-
METPHYCCKOC MECTO TOYECK €CTh NapaljIC/ibHAsA IJIOCKOCTH Ol INIOCKOCTh B

35. Janbsl Tpu mapaienbHBIE INIOCKOCTH O, Oh, O3.
ITycte X, X;, X5 — TOYKH MepeceueHus 3TUX IJI0C-
KOCTEH ¢ MPOM3BOJIBHON NpsiIMOU. JloKa)xuTe, 4To OT-
HOILIEHUE AJIMH OTpe3KOoB X X, : X,X; HE 3aBUCUT OT
MPSIMOA, T.€. OMMHAKOBO JUISI TFOOBIX ABYX MPSIMBIX.

IIpennonoxum, 4yTo apyras npsiMas nepece-
KaeT INIOCKOCTH Oj, O, O)3 B TOYKaxX Y1, Yo, Y3.
Yepes Touky X; OIpOBEAEM NPSMYIO Napaieib-
HYH0 BTOPOM IPSIMOM M IEPECEKacT IIOCKOCTU
O M O3 COOTBETCTBEHHO B TOYKax Z, u Z;. U3
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XXy _ XiZy

3agaun 33 clemyer, 9To
Y XXy ZyZ4

(13 moHOOHsI TPEYTONEHUKOB

X2X122 n X3X123).

ITo cBOMCTBY OTpPE3KOB MapauIeIbHBIX MPSIMBIX, 3AKITIOUEHHBIX MEX-
Jly MapajieNbHBIMU IIOCKOCTIMU, X1Z, = Y1Y, U Z,Z5 =Y, Y3, HO3TOMY
XX, _ Y\ Y,
XX5 Yo

, T.C. BCJIMYKMHA IIOCTOsIHHAas.

36. [anbl ueThlpe mnapajuienbHble mpsimbie. [lokaxwure,
9TO €CJIM KaKas-HUOYAb IUIOCKOCTh IEePEceKaeT STH
npsiMble B BEpIIMHAX Mapauieniorpamma, TO Jrobast
TUIOCKOCTh, HE MapauleNibHast 3TUM MPSMbIM, Tiepece-
KaeT MX B BEpIIMHAX HEKOTOPOTO MapasuieiorpaMma.

C

Ilycth a, b, ¢, d — naHHBIC MPSIMBIC, U TUIOCKOCTh 0L MIEPECEKACT ITH
IpsIMble B BeplIuHax napamienorpamma ABCD.

[Tycte mpyras MIOCKOCTH MEpeceKaeT TH MpsMbIe B ToUkax A, By,
C,, Dy cootBerctBenHo. [Tnockoctu ABB A u CDD,C,, mapanenbHsl,
mockobKy mpsiMbie AB u CD, u nipsimbie a U d napajyienbHbl. A, 3HAYHT,
TUTOCKOCTh [} mepecekaeT 3TH IUIOCKOCTH TI0 MapajlIeNbHBIM TPSIMBIM
A1B1 )4 C]D].

AHAIIOTMYHO YCTaHABIMBAETCSI MapaJuiedbHOCTh npsiMbix B C; u A|D;.
Tak uro A,B,C,B; — mapamrenorpamm. Uro u TpeOOBaIOCh TOKA3aTh.

37. Jlana mapaiuienbHast IpOeKIHs TpeyroibHuKa. Kak mo-
CTPOUTH MPOSKITHH MEJHaH 3TOT0 TPEYTroJbHUKA?

3anmaua perieHa B yueOHuke m. 147 ctp. 18.

38. [lana nmapajuienbHasi IPOEKLMS TPEYTroibHUKA. YeM H30-
OpazuTcs MPOEKIMS CPeAHEN JTMHNH TPEYTOIbHIKA?
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[Mpoekuusi cpeqHel JIMHUU TPEyrojbHUKA N300pa3nuTCs CpeaHel u-
HUEH NPOEKIUH TPEYroIbHUKA, TaK KAK CEPEIUHbI OTPE3KOB MPOEKTU-
PYIOTCSL B CEpENUHBI IPOEKIMH ATHX OTPE3KOB.

39. Moxer aM Opu MapauieIbHOM MPOEKTUPOBAHUM Ia-
pajuresiorpamma Iosrydutsest Tparenus? OObscHHUTE
OTBeT.

He Moser, Tak Kak IpU MapajiIeIbHOM IPOCKTHPOBAHUH Tapa-
JIeNbHBIE TPSAMBIE NEPEXOAdT B NapajjieNbHble MpsAMBIE, a 3HAYUT, Ia-
paJuIeNIbHOM MTpOoeKIMeH apauienorpaMmma He MOXKeT OBITh Tpanenus.

40. MosxeT U MPOEKIHs MapauiesiorpaMMa IpH Mapai-
JIEIbHOM NPOEKTUPOBAHHUHU OBITH KBaJIpaTOM?

Jlokaxem, uto MoxeT. [Toctpoum kBaapat ABCD B miockocTu o, u
npoBezieM depe3 npsimyio AB mockocTs 3, OTIHYHYO OT IIOCKOCTH O.
[Moctponm B miockoctu B mapamienorpamm ABC,D;.

Paccmorpum weteipexyronsHuKk CDD|C; — 3T0 mapasienorpamm.
Tak kak CD||ABJ|CiD; u CD = AB = C,D,, noatomy DD || CC;. [Tony-
YU, 9TO NpH HOpoekTHpoBaHuu mapaimnenorpamma ABC,D; Ha mmoc-
KOCTP Ol mapayutensHo npsamoit CC,, momyumiics Kak pa3 kBagpat ABCD.

41. JloxaxuTe, 4TO MapajlesbHas MPOEKIHSA LEHTpPalb-
HO-CUMMETPUYHOH (QUryphl TakkKe SBISETCS IIeH-
TPabHO-CHMMETPUIHOHN (pUTYpOii.

TTpoeKImst TIeHTpa CUMMETPHH (QHUTYPBI OYIET ABIATHCSA EHTPOM CHM-
METPHH TIPOSKIINK 3TON (HUTYpPBI, TaK KaK MPH MapauIeIbHOM MPOSKTUPO-
BaHUM CEpeIMHA OTPE3Ka MEPENJIET B CEPEANHY ero npoekiuu. Uro u tpe-
00BaJIOCh JI0KA3AaTh.
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42. Jlana napanenbHass MHPOEKIHs OKPYKHOCTU U €€
quaMerpa. Kak MOCTpOMTH NMPOEKIHIO TEpIeHINKY-
JIIPHOTO quameTpa’?

Py
50

Jnamerp, TMepneHINKYISIPHBIA NAaHHOMY, IETUT IIOMOJaM JH00YIo
XOpIy, MapauieNlbHy0 JaHHOMY AWaMeTpy. Tak 4To NMPOBENEM XOpAY
CD, mnapamiensHyro JaHHOMY auamerpy AB, u Haiinem cepemuny M
stoit xopabl. Toraa npsmast OM, rae O — UEHTp OKPYKHOCTH COAEp-
JKUT NEepIeHANKYJSIpHbIA AB nuamerp.
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§17. Ilepnenouxynsapnocme npamoix
u naockocmein

1. [okaxwure. 9TO Yepe3 MO0y TOUKY MPSIMOM B Mpo-
CTPAHCTBE MOXKHO IPOBECTH NEPIEHIUKYIAPHYIO €if
MPSIMYI0.

3amava perieHa B yueOHuke m. 148, ctp. 24.
2. JlokaxkuTe, 4TO 4Yepe3 OOy TOYKY MPSMOU B IPO-

CTPaHCTBE MOYKHO NPOBECTHU [IBE PA3IIMYHBIE MEPIICH-
JUKYJISIpHBIE e psIMbIe.

IpoBemeM dYepe3 TPSIMYI0 @ IBE Pa3jIMyYHbIe MUIOCKOCTH O U 3. B
3THX IUIOCKOCTAX uyepe3 JIo0YI0 TOUKy M mpoBeeM MepHeHaUKYIspHbIE
K JIaHHOW NpsIMOM Tpsimble ¢ U b. OHU Pa3NMYHbL, TaK Kak Jexar B pas-
HBIX TUTOCKOCTAX. Takum oOpazom uepe3 oOyro Touky M mpsmoi a
MOXHO ITPOBECTH 2 pa3HbIE NEPIECHANKYISIPHbIE K @ TIPSMBIE.

3. Ilpsameie AB, AC u AD nonapHO nepneHIuKyIspHBL.
Haiinure otpesox CD, ecnu:
1) AB=3cm, BC=7cm, AD=1,5cm;
2)BD=9cm, BC=16 cm, AD =5 cwm;
3) AB=b,BC=a, AD =d;
4)BD=¢,BC=a, AD =d.
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e’
DB

Tak xak npsmeie AB, AC, AD nonapHO NneprneHAnKYJISIpHbI, TO OHU

00pa3yroT 3 MpsAMOYTOJIBHBIX TPEYTOJIbHHUKA, CO CMEKHBIMUA CTOPOHAMHU.
Torna:

32

1. BAABC:

AB = 3cm, BC = 7cM, 3Haunt, AC*= BC?— AB*=49 — 9 = 40 (cm).
Janee B AACD:

CD?= AC?+ AD*=40 + 2,25 = 42,25 (cm?), Toraa CD = 6,5 (cm).
2. B AABD:

AB?=DB’— AD*= 81 — 25 = 56 (c™?).

Jlanee B AABC:

AC?=BC?*— AB*=256 — 56 = 200 (cm?); AC*=200cMm’.

Janee B ACAD:

DC?= AC?+ AD*=200 + 25 = 225 (cm?), To ectb DC = 15¢M.
3.BACAB : AC*=BC*- AB?, 10 ectb AC*=a’ - b’

Janee B ACAD : CD*= AC?+ AD’ = (¢’ — b*) + d°, 3uaunr,

CD = ya?-b2+d> .

4.B AADB : AB*=DB’— AD*=¢*— d".

Tanee 8 AABC : AC*=BC?— AB? = a* —(c* — d°).

U B AACD : DC*= AC*+ AD* = (a*— >+ d*) + d°, Torma

DC=+a?-c?+2d? .

4. Croponsl yerbipexyronpauka ABCD u npsMoyrosns-
Huka AB|C|D; cooTBeTcTBeHHO mapamienbHbl. J[o-
kaxure, uTo ABCD — npsMOyToJIbHUK.

/7

A, D,




Taxk xak naps! cropoH AB u BC u A;B; u B |C, napannensHsl 1o yc-
nosuto, To ZABC = ZAB,C| — TaK Kak 3TO YIIIBI C COHATIPABICHHBIMA
cropoHamu. 3Haunut, ZABC = 90°.

Amnanornydo nokaseiBaercs, uro ZBCD, ZCDA, ZDAB Ttak xe
paBHBI 90°.

Takum oOpazom uerbipexyronsHUK ABCD — npsimoyrosipHuk. Yto
1 TpeOOBAIOCH JOKA3ATh.

5. Jlokaxxure, 4TO 4epe3 TOUKY, HE JIEXKALy0 B JAHHOU
TUIOCKOCTH, HEJIb3sl MPOBECTH OoJiee OJHOM HpsSMOH,
NEPIEHIUKYISIPHOMN 3TOH IJIOCKOCTH.

JonyctuM, 4to npsimele a U b, mpoxoasimue yepe3 Touky C, mep-
NEeHIUKYJSIPHBI He mpoxondueil yepes Touky C miuockoctu o. ITycts
OHHM MEPECEKaAI0T IUIOCKOCTh O B Toukax A n B. Ho Torma stu Toukmn
JIOJDKHBI COBIacTh, MHade nonyyurcss AABC ¢ aByMms mpsMbIMU yT-
JIlaMH, 4YTO HE MOXeT ObITh. [IpsiMbie a u b umeror nBe obmue Touku C
U A, Tak 4TO U MO aKCUOME I, 3TH ImpsIMBIE TOJKHBI COBNAcTh. YTO U
TpeOoBaAIOCH T0KA3ATh.

6. Uepe3 LEHTp ONMUCAHHOM OKOJIO TPEYroJbHHUKA OK-
PYKHOCTH HpOBEAEHA MpsMas, MNEepPHeHIUKYISIpHas
TUIOCKOCTH TPEYTONbHUKA. JOKaKuTe, 4TO KaKkmas
TOYKa 3TOH MPSAMON paBHOYZAJIEHA OT BEPLUMHBI TPe-
YTOJIbHHKA.

ITycte ABC — maHHBIN TpeyrolbHUK, O — IEHTP OMUCAHHOHW OKOIIO
TPEYTOJIbHUKA OKPY)KHOCTH, X — JIr00ast TOUKa Ha MEepHeHIUKYJISIPHON
AABC npsmoit.
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C

Toraa nockonbky O — LeHTp onHucaHHOU OkpyxHOCTH, To OA = OB
==0C =R. Torga XA = XB = XC — xak HaKJIOHHbIE C PaBHBIMH IIPOCK-
musiMu. YTo U TpeOoBaIoch JOKa3aTh.

7. UYepes Bepuny A npsMoyronasHuka ABCD nposenena
npsimass AK, nepneHaukyssipHas ero miockoct. Pac-
cTosiHHE OT ToukH K 10 Opyrux BepLIMH MpsIMOYTOJb-
HUKa paBHBI 6 M, 7 M 1 9 M. Haligure otpezok AK.

|

ITycte ABCD — npsamoyronshauk, AK L ABCD. 3naunt KC = 9wM;
nyctb KB = 7m, KD = 6Mm.

ZKBC = 90° (1o TeopeMe 0 Tpex MEepHeHANKYIPax), HOITOMY BC?
==K(C?— KB*= 9% 72 =32 (M%) (110 Teopeme ITudaropa).

Janee AD” =BC? (tak kak ABCD — npsmMoyroisHuK). [T0cKoibKy
KALAD, To

AK =VKD? - AD? =4/36-32 =4 =2 ().

8. Uepes BepimIMHY OCTPOro yrja IpSMOYIOJBHOTO Tpe-
yrosnsHuka ABC ¢ npsmeiM yriaom C npoBeneHa npsi-
Mmast AD, mepneHaMKyJsipHas IIOCKOCTH TPEYroJib-
Huka. Haliqure paccrostHue ot Touku D 0 BepiuH B
nC,eciu AC=a,BC=b,AD=c.
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C /4 B

ADL1ABC, a, 3HaunT, TpeyromsHIK CAD — npsaMoyronbHenid. Torma

DC*=AD’+ AC*=d* + ¢’ DC =va? +c? .

AABC — mpsmoyronbHbIA (1o ycnoBuio). Ilo teopeme Iludaropa
MOJTy4aeM, YTo:

AB’=AC*+BC’=d’ +b".

Jlanee ADAB — npsiMoyrosbHsiif, Tak uto DB? = AD* + AB? =

=c2+az+b2; DB=x/az+b2+c2 .

9. [oxaxwure, 4TO 4Yepe3 JAHHYIO TOUYKY MPSIMOM MOKHO
MIPOBECTU OJHY M TOJIBKO OAHY NEPIEHIUKYISAPHYIO
€M ITOCKOCTb.

3amaua pemiena B yueOHuKe 1. 150, cTp. 26.
10. Yepes Touky A mpsMOil a NMPOBEICHBI MEPIEHANKY-

JSIpHBIE € TIOCKOCTh B 1 mipsimast b. Jlokaxkure, u4To
npsiMast b JIEXKUT B IUIOCKOCTH [3.

by

[TpoBenem uepes npsimble a u b 1wIockocTh o. OHa mepeceyeT mIoc-
KOCTb [} 110 TpsIMOi b1, IEPIICHANKYIISIPHON TIPSIMOH a. Tak Kak by JeKUT
B . B mumockocTu O ipsimbie b U by JOIDKHBI COBMIAATh KaK JBE IMEPIICH-
TUKYISPHBIE K TIPSMON g TIpsSMBIE, TIPOXOAAIIIE Yepe3 OOHY TOUKY. 3Ha-
YUT MpsAMast b IeKAT B TIIOCKOCTH 3, 9TO ¥ TpeOOBATIOCH TOKA3AaTh.
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11. [lokaxurte, 4TO 4Yepe3 [JaHHYI0 TOYKY IUIOCKOCTH
MOXHO TPOBECTH OFHY W TOJBKO OIHY NEPICHIUKY-
JIIPHYIO €l IPSIMYIO.

3anmaua pemiena B yueOHuke 1. 150 cTp. 26.
12. [lokaxwure, 9TO depe3 OOy TOYKY A MOXKHO MpO-

BECTH MIPAMYI0, NEPIEHIUKYISPHYIO JAHHOU MIOCKO-
CTH OL.

3anmaua pemena B yueOHuke m. 151 ctp. 27.

13. Uepes Bepmmny kBagpata ABCD mnposeneHa mnpsmas
BM, neprieHauKyIspHAast €ro II0CKOCTH. JIoKaXuTe, YTo:
1) mpsimass AD nepreHIuKyspHa IIOCKOCTH MPSIMBIX

AB u BM,;
2) npsimast CD nepreHANKyIIsipHA IIIOCKOCTH MPSIMBIX
BC u BM.
M G
B
A, : c
A D

1) B mnockoctu ABM mposenem AA, || BM. Torna AA; L AD (o

NPU3HAKy MepHeHIUKyJsipHOCTH NpsiMbix). AB L AD (mo ycioBuio),
3Ha4nT, AD neprieHnukysipaa mwiockoctd ABM (o Teopeme 18.2).

2) B mnockoctu MBC nposenem CC, || BM. Torma CD L CC; (1o

MpHU3HAKY NepHeHIuKyIsapHocTd npsMeix). CD L CCy u CD L BC (mo
ycIoBHI0), 3HaunT, CD neprnenaukymisipHa miockoct MBC (110 Teopeme
18.2). Uro u TpeboBaioCh 10Ka3aTh.
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14. Yepes Touku A u B mpoBeneHsI npsiMbIe, TIEPIICHINKY-
JISIPHBIE IJIOCKOCTH (!, TIepecekatolue ee B Toukax C u
D cootBercTBenHo. Haligure paccTosiHue MEXIy TOU-
kamu A u B, eciu AC=3m, BD=2Mm, CD=24Mu
oTpe3ok AB He nepecekaeT MmiI0CKOCTh Q.



Iposenem BE || DC, torna BE L AC. Tak uro

A

B E
3

2

D c

(o2
EC=BD =2 M. 3naunt, AE=AC-EC=3-2=1(Mm).
Ianee, BE=DC =24 m. U B AABE no Teopeme ITudaropa.
AB =+AE? +BE? =12 +2,4% = 2,6 (m).

15. BepxHue KOHIIBI IByX BEPTHKAIBHO CTOSIMX CTOIOOB,
YAAJCHHBIX Ha paccTosiHue 3,4M, COeIMHEHBI MepeKa-
muHOM. BricoTta omHoro cromba 5,8 M, a mpyroro —
3,9 m. Haiinure mumnHy nepexiainHbl.

ITposenem KC L AB.

Torma CD = AK = 3,9 M, TaK 41O
BK=AB-AK=5_8-3,9=1,9 (m).
Janee AD=KC=3,4 m.

B
K ll lol
58
3,9
3.4
A Y D

IMostomy B ABKC mo teopeme [Mudaropa momydyaem:

BC =vBK? + KC2 =4/1,9? + 34% =,/1517 =3.9 ().

16. TemedonHas MpoBOJIOKA JIMHON 15 M mpoTsHyTa OT
TeneOHHOTO CTOJ0a, T/Ie OHA TPUKPEIJICHA Ha BBI-
cote 8 M, OT TOBEPXHOCTH 3E€MJH, K JOMY, Ie €€
npukpenunu Ha BeicoTe 20 M. Hailigure paccrosiHue
MEXIy JOMOM M CTOJIOOM, IIpEAroaras, 4To MpoBo-
JIOKa HE IIPOBHUCAET.
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15

20

A D

Iposenem BE L CD. Torna AB=DE =8 M, u
CE=CD-ED=20-8=12 (m).
Janee B ABCE mo Teopeme IMudaropa monaydaem:

BE =+/BC? -CE? =225+ 144 =+/81 =9 ().

17. Touka A HaxoauTcs Ha PACCTOSIHUM d OT BEPIIMH
PaBHOCTOPOHHETO TPEYTOJIbHHKA CO CTOPOHOH a.
Haiinute paccTosHue oT TOUYKM A 10 IJIOCKOCTH Tpe-
YTOJIBHUKA.

ITycte ABCD — paBuocroponHuii. [Iposenem AH L (BCD).

Tax xak AB = AC = AD = @, TO IpoeKIiH HAaKIOHHBIX TaK)Xe PABHEI,
TO €CTb!

HB =HC=HD.

3uraunt, H — nentp onmcanHoi okono ABCD okpykHOCTH, paanyc
BE_a
NERIRER

Janee Tak kak AH L (BCD), To Tpeyronsank AHB npsiMoyrosibHBIi.

kotopoit HB =R =

A

38



U no teopeme [Mudaropa nonyyaem:

2
AH =+ AB? -HB? =1/a2 % =a\/?

18. U3 Touku S BHE IUIOCKOCTH O. IPOBEIEHBI K HEH TpU
paBHbIe HakoHHBIE SA, SB, SC 1 mepnenaukymsap SO.
JlokaxuTe, 4TO OCHOBaHME NepHeHIuKysIpa O sBiser-
Csl IIGHTPOM OKPY>KHOCTH, OIIMCAHHOI OKOJIO TPEyroib-
Huka ABC.

7

Tak kak HakiaoHHele SA, SB, SC paBnbl, T0 ux npoekiuu OA, OB,
OC Taxxe paBHBI, a 3TO 3HAYUT, YTO TOUka O — IEHTP OMUCAHHOU OKO-
10 Tpeyronsanka ABC okpyxHOCTH. UTO M TpeOOBaIOCh JOKa3aTh.

19. CropoHBl PaBHOCTOPOHHETO TPEYTOJbHUKA PABHEI
3 M. Haiinute paccTtosiHue A0 IJIOCKOCTU TPEYTroJib-
HUKA OT TOYKH, KOTOpas HaXOIUTCS Ha PaCCTOSHUH
2 M OT KaXI0¥ U3 €r0 BEepIIUH.

30
T b

IIposenem AH L (BCD). Tak kak AB = AC = AD = 2 M, To npoek-
LMW 3TUX HakJIOHHBIX Takke paBHbl: HB = HC = HD. 3nauutr, H —
HeHTp onucanHor okoi0 ABCD OKpy»XHOCTH, TaK 4TO

HB=R= @=@—\/§ ().

5
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B H

Hamee tak xak AHL(BCD), To Tpeyronsank AHB npsmMoyTonsHBIH,

nostomy: AH =+ AB? - HB? =+/4-3=1 ().

20. B paBHOOEIpEeHHOM TPEYroJbHUKE OCHOBAaHHE U BbI-
cora paBHHl 4 M. /laHHas TOYKa HaXOIUTCSA HA pac-
CTOSTHMM 6 M OT IIOCKOCTH TPEYTOJbHUKA M Ha pPaB-
HOM paccrosHuu OT ero BepmuH. Haiinure 310
paccTosiHue.

[Tycts AH BbIcOTa paBHOOeapenHoro TpeyronsHuka ABC ¢ ocHOBa-
HueMm BC u paBusiMu ctoponamu AB = AC. Hapucyem AABC na moc-
koctH (1) u Ha npoekunoHHOM 4yeptexe (2). [lycts P nannast touka.

WA

Tak xak Touka P paBHOymamena ot Touek A, B, C, .e. PA = PB =
=PC, 1o mpoekrust O Touku P Ha uiockocth ABC — meHTp onucaHHOH
okono AABC oxpyxxHocTu. 3Hauut, Touka O JIEKHT Ha CEPeIUHHOM
nepreHaAnKyIsipe k cropore BC, 1.e. Ha psimoii AH.

Paccmorpum AOBH. ITo teopeme [Tudaropa:

OB’=BH’+ OH*; BH=BC:2=2mM,2a0B =R, Torna

OH = AH - AO =4 — R, nomyyaem:

R’=2’+(4-R); R*=4+ 16— 8R + R%;

8R=20; R=2,5m.

Ilanee B APOC mo Teopeme ITudaropa:

Pc2 PO’+0C* =6 +2,5°=36 + 6,25 = 42,25, Torna

= 42,25 =6,5 ().
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21. PaccrosiHHs OT TOUKH A 10 BEpIIMH KBajApaTa paBHBI
a. Hailnute paccrossHME OT TOYKM A 10 IJIOCKOCTH
KBajpaTa, €CJIi CTOPOHa KBajapara paBHa b.

B b F

IIycte AO mepneHAWKYISp, OMYIICHHBIH M3 TOYKH A Ha IJIOC-
kocTh kBazapara. [lockonsky AB = AC = AD = AF, o u OB = OC =
=0D = OF u, 3nauutr, O — Touka nepeceueHus auaronaneil. Torga

1 b2

OF =5CF :Tz. Hanee tpeyrompauk AOF — mpsmoyronbueiid. Tax

qTo

AO =vAF? -OF? =

22. Haiimute reoMeTpuveckoe MECTO OCHOBAaHHMH Ha-
KIIOHHBIX IlaHHOﬂ JJINHBI, HpOBeZ[eHHI)IX nu3 IlaHHOfl
TOYKH K IUIOCKOCTH.

IIycte S — mannas Ttouka, SO — NEPHEHANKYISP K IJIOCKOCTH O,
b— mmHa HakIOHHBIX. [loCKONBKY Kakaas HakJIOHHAsh M3 TOYKH S
UMEEeT OJIMHAKOBYIO JUIMHY, TO paccTOSHUS OT TOYkH O 10 OCHOBaHUI
BCEX HAKJIOHHBIX OYIyT OIMHAKOBEL [l03TOMy MCKOMOE reoMeTpHye-
CKO€ MECTO TOUEK — 3TO OKPYKHOCTH B IJaHHOH INIOCKOCTH C LIEHTPOM B

touke O u paamycom R =52 -SO? .
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23. U3 ToukM K IJIOCKOCTU IPOBEAEHBI JBE HAKIIOHHEIE,
paBHble 10cM u 17cMm. PazHOCTh TpOEKIwii STUX Ha-
KIOHHBIX paBHa 9cm. HaiimuTe mpoeknmum HaKIOH-
HBIX.

IMyctb SA u SB — pnanHHble jauaroHany. OO003HAUMM IPOEKIUU

AO =y, OB =x, x>y, tak kak SB > SA. [Iycts SO — nepneHauxymsp
K TUIOCKOCTH O.. Torma u3 AByX mpsAMOYTONBHBIX TpeyrodsHUKOB AOS u
BOS nonyuaem:

42

SO*= AS?— AO% SO*=BS*- OB%;
AS*— AO*=BS?- OB%;

10—y =17 = x*.
Haneex—y=9,T0ectb x =9 +y;
10°- ) =17"= (9 + )

100 —* =289 — 81 — 18y — y*;
18y =108; y =06 cm;
x=9+6=15cm.

24. U3 TOukM K IJIOCKOCTU MPOBEAEHBI BE HAKJIOHHBIE.
Haiinure nrHBI HAKJTOHHBIX, €CIIH:
1) ogra Ha 26 cM OombIne APYroM, a MPOEKIUH Ha-
KJIOHHBIX paHbl 12 cM 1 40 cm;
2) HaKJIIOHHBIE OTHOCSTCS Kak 1 :2, a MpOeKIuH Ha-
KJIOHHBIX paBHbI | cM 1 7 cM.



1) IIpoegem SO — mepneHIUKYISAP K IUIOCKOCTH 0, ¥ 00O3HAYHM
SA =x, SB =y; x >y, tak kak AO > OB. U3 1ByX IpsMOYTOJIBHBIX Tpe-
yrosnsHuKOB SOA 1 SOB nonyuyaem:

SO*= AS*— AO?; SO*=BS?— OB?, 1o ectb x% —402 = 3> —122%

Tlanee x — y = 26; x = 26 + y, Tak uro x> — 40% = y* — 127

(26 +y)* = 40°=y*— 12%;

52y =780; y =15 (cm), Torma x = 26 + 15 =41 (cm).

To ectb AS =41 (cm), BS =15 (cm).

2) O603naunMm AS = x, Torma AS : SB=1:2, 10 SB =2x.
SO — nepnennukynsap. B npsaMoyronsseix TpeyroisHukax AOS u
BOS nmeem:

SO?= SA?— AO?% SO*=SB?— OB? 10 ectb x> —1=(2x)> =72,
X 1=4x"—49;

3x?=48; x*=16;

x=4. Tak uro AS =4 (cm) u BS = 8 (cm).

25. U3 ToukM K MJIOCKOCTU IPOBEACHBI JBE HAKIIOHHEIE,
paBHble 23 cMm u 33 cm. Hailnure paccrosiHue oT 3TOH
TOYKH JI0 MJIOCKOCTH, €CIIM NMPOCKIIUN HAKIOHHBIX OT-
HoOcATCS Kak 2 : 3.

ITycte SO — nepnesuKysp K MIOCKOCTH O, a SA 1 SB — naHHbIe
HaKJIOHHBIE.
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0O60o3naunm AO = 2x. Tak kak AO : BO =2 : 3, to BO = 3x. [lanee
U3 IPAMOYTOJNBHBIX TpeyronbHUKOB AOS 1 BOS nomy4daem:

SO*= AS’~ AO%* SO°= BS*~ BO?, To ecTh

23°— 4x*=33"— 9%,

5x°=560; x*= 112. Jlanee

SO*= AS*— AO?=23% —4x? =81, 10 ectb SO = 9 (cM).

26. [lokaxkuTe, 4TO €CIU TpsiMas mapajuiesbHa II0CKO-
CTH, TO BCE €€ TOYKH HaXOJITCS Ha OJJTHAKOBOM pac-
CTOSIHUH OT IIOCKOCTH.

3anava penieHa B yueOHuke 1. 152 crp. 29.

27. Yepes BepmmHy npsmoro yria C mpsMOyroisHOTO
TpeyronpHuka ABC mpoBeneHa IUIOCKOCTh, Mapall-
JleTbHAsI THIIOTEHY3€, Ha paccTosHUM | M OT Hee.
[Tpoekunst kKaTeToB Ha 3Ty IJIOCKOCTH PAaBHBI 3 M H
5 m. Haiigure runoreny3y.

A B
N dl
All D

3 .C 5 B
o

ITycte AABC — nannsiil. Ilposenem AA; u BB, nepnenauxynspHel
K o, Torma AA; = BB, = 1 M — paccTossHHE OT THIIOTEHY3HI IO TUIOCKO-
ctu o.. A;C u B;C — npoekuun HakiaoHHbIX AC u BC Ha minockocTs O.
Torna B npsiMoyrosbHbIX TpeyronsHukax AA,C u BB,C umeem:
CA?=AA+ A CP=3"+1°=10 (M), u
CB*=BB*+ B,C*= 5%+ 1*=26 (M.
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ITo Teopeme IMudaropa B Tpeyronsurke ABC:
AB?=CA’+ CB* AB*= 10 + 26 = 36; AB = 6 (m).

28. UYepes oxHy cTOpoHY pomba ImpoBeIeHa IIIOCKOCTh Ha
paccTostHUU 4 M OT POTUBOJNEXKaIIeH cTopoHsl. [Ipo-
SKIMU JMAroHaJieil Ha 3Ty IUIOCKOCTh PAaBHBI 8 M U
2 M. HaiiguTe npoeKuuu 3TUX CTOPOH.

U3 touek B u C onmyctum nepnesaukyisapst BB, u CC, Ha mi1ockocTs
o; BB, = CC, = 4m. AC; — npoexuust auaronand AC Ha MI0CKOCTh O,
B|D — npoekuus nuaronanu BD Ha miockocTs a.

Tak yto AC;=8 M, BiD =2 m.

Paccmorpum npsimoyrossHbie TpeyronsHukd BB,D u CC,A. Ilo Teo-
peme IIngaropa:

AC?=CC2+ AC>= 8+ 4= 80; AC =+/30 (m), a

BD’=BB,>+ B,D*= 42+ 22=20; BD =20 (m).

Tanee OC :% AC =% 30 (m):

oD :%BD:% V20 (m).

ITo cBoiictBy pomba: AC L BD. Tak uro tpeyrompauk OCD - mps-
MOYTOJIBHBIH, [103TOMY:
2 2 »_80 20
CD"=0C"+ 0D :T +T: 25; CD =5 (m).
Tak xak BC || a,, To B;C;=BC =5 (m).
W3 npsmoyrombHeIX TpeyronsankoB DC,C u AB|B naiinem AB, u DC,

110 Teopeme Ingaropa: AB,=DC,=4/DC? - CCI2 =425-16 =3 (m).

29. U3 xoHIOB oTpe3ka AB, maparensHOro ITOCKOCTH,
npoBeaensl neprneHaukysip AC u HakionHas BD,
neprneHaAuKysapHas orpe3ky AB. Uemy paBHO pac-
crosiare CD, ecnmu AB =a, AC=5b, BD =¢?
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IIposenem AD. Torna u3 npsMoyronsHoro TpeyronbHuka ABD nme-
em: AD?> =AB? +BD? =a” +57.

Ianee no teopeme Iudaropa B AACD

CD’=AD*~ AC?*=(a’ + &%) - b*=a*+ > — b?, Tax uro

CD=va? +c%-b>.

30. JloxaxxuTe, YTO PACCTOSHHUE OT BCEX TOUEK IIOCKOCTH
10 TapaJuleIbHON IIOCKOCTH OANHAKOBEL.

Bribepem npon3BOJIbHBIE TOYKH A U B Ha MIOCKOCTH 0., TapaIIeITh-
HOIi TI0CKOCTH [.

Ipsimast AB J1eXUT B IUIOCKOCTH (¢, [IOITOMY MapaJUIeibHa IIOCKOCTH f3.
Onyctum nieprieukyssipsl AA; u BB, Ha wiockocts P. Tlo Teopeme 18.4
npsimeie AA; 1 BB, napaienbHel 1 nexar B OIHOW IUIOCKOCTH; Y YEThI-
pexyronpHUKa AA BB mpoTHBONONOXKHBIE CTOPOHBI MapalIebHEI, 3Ha-
YHT, 3TO Hapajuiesaorpamm; tak uro, AA; = BB;. Uto u TpeboBanocs noka-
3aTh.

31. Paccrosinue Mexay AByMs NapajulebHBIMH IJIOCKO-
CTSAMHU paBHO a. OTPE30K AIWHBI b CBOUMHU KOHI[AMHU
ynupaercs B 9Ty Iockocty. Haliaure npoexnuto ot-
pe3Ka Ha KAyl U3 IIIOCKOCTEN.
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Iycth 1wiockocTd O U [ mapamienshbl. BD — jaHHas HaKIOHHAs.
IIpoenem BAlau DCLla. Torma CD = AB — paccrosiHue Mexay ma-
pautenbHBIMH [uTocKoCTsIME O, 1 3. Tak uto AB =CD =a.

IMpoekiu HaknouHo#i BD Ha miockoctu o 1 B pasusi: BC = AD.
U no Teopeme ITudaropa:

AD =vBD? —AB? =vb2 -4 .

32. JlBa oTpe3ka AIWH @ W b yMUparOTCsS KOHIAMH B JIBE
napajuleNnbHble IUIOCKOCTH. IIpoeknus mepBoro or-
pe3ka (UIMHBI @) HA IUIOCKOCTh paBHa c¢. Haiimure
MIPOEKLIMIO BTOPOT'O OTPE3Ka.

’ A
A [ )
« 4 i
d a
b d
cyC
M
E B

[Tycte DE u AC — nannsie HakionHsie. [Iposenem DM L . Torna
DM = AB paccTosHue MeXay ABYMS MapaiebHIMU IUIOCKOCTSIMH.
Tak uro DM = AB = d. Jlanee o Teopeme ITudaropa:

d=AB=va’-c* . Tak uto
DM =+va’-¢? .

Ho torma AEMD — npsiMOyTOJIBHBII, TO3TOMY:
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EM =+DE? = DM? = /b2 -(a? -¢?) =y/b? -a® +¢? .

33. KoHIbI JaHHOTO OTpe3Ka, He MepeceKarolero Imioc-
KOCTb, yAasensl ot Hee Ha 0,3 M u 0,5 m. Kak ygane-
HA OT IUIOCKOCTH TOYKA, NENSIIas JaHHBIA OTPE30K B
oTHOmIeHWH 3 : 77

ITycte AB — pannbIil oTpe3ok, C — Touka Ha HeM, Takas 4yTo AC :

:CB=3:7.

AA,, CC,, BB, — nmeprnenaukyisipsl, onymieHHsle u3 Touek A, C, B

Ha miockocth o. AA;=0,3m, BB;=0,5M.

ITo teopeme 18.4 otpesku AA;, BB,, CC, napamiensHsl, 1 3HAYUT,

Jiexxar B ogHOM mockoctd. Toukm Aj, C;, B j1exat Ha npsMoii riepece-
YEHUS STOM IIOCKOCTH C IIOCKOCTEIO C.

[IpoBenem u3 Touku A mpsmyro AD mapamnensHyro A B;, 3HaunT

AD 1 BB,. Torna AA,C,K — npsamoyromeauk. Tak uto KC; = AA,.

DB1:0,3 M.
AACK ~ AABD Tak xak CK napamnenssa BD. Jlanee
AB _ AC+BC BC 7_ 3
—=————=1l+t—==1+—=—;
AC AC AC 3 10
ﬁzﬂzﬂ. Tak 4yTO CK=3B—D.
CK AC 3 1
Tax BD =BB,-DB;=0,5-0,3=0,2 (m),
ck =222 0,06 (m).
10
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Hy 1 CC, = CK + KC, = 0,06 + 0,3 = 0,36 (m).

34. Yepes cepenuHy oTpe3ka MPOBEACHA MIOCKOCTh. J[o-
KaXXHUTE, YTO KOHIIBI OTPEe3Ka HaXOJATCS HA OIMHAKO-
BOM PACCTOSIHUM OT 3TOH TLIOCKOCTH.



[Tycte AB — nmaHHBII 0Tpe3ok, Touka O — cepeanHa oTpe3Ka, yepes
touky O mpoBezneHa mwiockocTs. [Ipoenem AA| u BB, neprnenankymnapsi
Ha IUIOCKOCTB O.

ITo teopeme 18.4 mpsmeie AA| u BBy, a BMecTe ¢ HUMH U OTPE30K
AB u Touka O sexxaT B OJHON IIJIOCKOCTH.

Hanee paccmotpum AAA ;O u ABB;O — oHU NpsIMOYTOJIBHBIE.

AO = OB — mno ycnoButo, ZA|0A = £B,OB kak BepTHUKaJIbHEIE.
Tak uto, AAA,;O = ABB,O, a, 3Haunt, AA|; = BB,. Uto u TpeboBaroch
JIOKa3athb.

35. Yepe3 gauaroHasp mapajieorpaMma IpOBEJEeHa
IIOCKOCTh. JIOKaXXHTe, 4TO KOHLbI APYrod JUaroHa-
T HaxXoJATCS Ha OJMHAKOBOM DPACCTOSIHUM OT 3TOM
IUIOCKOCTH.

[Tycte AC u BD — puaronanu mapaienorpamma u Touka O — cepe-
nuHa auaronaneil. [IpoBegem miockocTh O yuepe3 auaronaib BD. Ipo-
BeZeM TeprieHAnKYIsIpel AS u CS, Ha TIOCKOCTS 0.

D

VA

Torma tpeyrompaukn AAOS u ACOS; — mpsaMoyronbHeie: AO =
=0C — 1o cBOHMCTBY nuaroHaiei nmapamienorpamma, £ SOA = S; OC;
TaK 4To

AAOS = ACOS; (1o cTropoHe U 0OCTPOMY YTIIy), OTKYJa CIEIYyeT, 9TO
AS = S,C. Yro u TpebOBaNOCh 10Ka3aTh.
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36. Haiiqure paccrosiHue OT cepeauHbl oTpe3ka AB 1o
IUIOCKOCTH, HE IepeceKaromeldl 3TOT OTPEe30K, eCIH
paccrosHHe OT ToueKk A W B 1o mmockocTH paBHBI:
1)32cmus53cm;2)7,4cmu 6,1 cm; 3) au b.

ITycte AB — uckomsiii otpe3ok. E — cepenuna otpeska AB. AA,
EE,, BB, — nepnenauxymspsl, omyuieHHsle u3 Touek A, E, B Ha moc-
kocTh 0. [To Teopeme 17.4 3TH mepneHIMKYISAPHI MapaIeIbHbl MEXIY
coboii. Toraa peum cHadana ooumii cinydait AA;=a u BB;=b.

1
3)AE =EB :5 AB; AAME ~ AADB, tak kak EM|BD. Tak uro

AE EM
_:_;EM—AE. 1
AB BD
1
Ho BD =BB, — DB, = b — a, moaTomy EM:E(b—a).
1 1 1
I[aneeEE1=EM+ME1=a+E(b_a):a+5b_ Ea:

1

= la+ b= l(a+b).
2 2 2

Teneps moacTaBUB BMECTO a M b 4ncCIa, MOIYIHM:
1

1
DEE=—(3.2+53) = — 8,5 =425 (o).

1 1
2) BB =— (T4 +6,1)= 2+13,5=675 (cm)

37. Pemute mpeaplayulyro 3amady, CUMTas. 4TO OTPE30K
AB nepecekaeT MI0CKOCTb.
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[ £ &
~ ] Vs :
e

A G, D

Pernm oOrmmmii ciryyaii:
O — cepenuna AB. AADB — npssMOyTONBHBIN.
OO, — cpenuss nunus. Torma

BD=a+bMOOI=%BD=

a+b

Ecm/Ia<b,T0OE=OOI—OIE=%a+%b—a=%(b—a).

Ecmm a > b, To OE :% (a — D). Tax 9ro B 1r000M CiTydae

OE =L ja—4|.
2

HOHCTaBI/IB quciia, rmojayunum:

1) OE :% 3253 = L 2,1 =1,05 (cm).

1

2) OB =_[74-6.1|=

38.

1,3 = 0,65 (cm).

|~ N~

Otpe30k UIMHBI | M MepeceKkaeT MIOCKOCTb, KOHIIBI
€ro yaaneHsl oT wiockoctd Ha 0,5 M u Ha 0,3 M. Haii-
JIUTE JUTNHY TPOCKIIMK OTPe3Ka Ha TUIOCKOCTb.

1) 8
0.5M
i @
! YB|
o.m[/ !
______________ [
v M
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ITycth oTpe3ok AB mepecekaer miaockocTs o B Touke O. CrpoekTu-
pyeMm ero Ha mIockocTs O. IIpoBenem neprneHnukysapsl AA; u BB,

AA] = 0,3 M, BB] = 0,5 M.

IIpoBenem yepes T. A npsimylo, napaiensHyo A B;. OHa nepeceder
npoponkerne orpe3ka BB, B Touke M. AM L BM. B A ABM mio Teope-
me [Tudaropa: AM? = AB? — MB?, Ho

MB =MB; +BB; =0,5+0,3=0,8 (M), a AB =1 (M), Tak 4T0

AM? =1-0,64 = 0,36 (M?); AM = 0,6 (m). Tanee

Tak kKak AA|B|M — npsimoyronpaEK, TO A|B; = AM = 0,6 M.

39. UYepes ocHOBaHME Tpaneluudyd MpOBEIEHA IMIOCKOCTb,
OTCTaoIlas OT APYTOro OCHOBAHUS Ha PACCTOSHUE d.
Haiinute paccrosiHuE OT TOYKH NEPECEUEHHS UAro-
Hajieil Tpamneuuy JI0 3TOM IUIOCKOCTH. €CJIM OCHOBa-
HUS Tpaneuruu OTHOCSTCS KakK m : H.

ITIycte ABCD u o — maHHBIE Tpameuusi M IUIOCKOCcTh. O — Touka
nepecedeHus nuaronaneit Tpanenun. BB, u OO, — nepneHaukynsapsl K

miockoctd  o. Torma BB, = a. Tak xax AOAD ~AOCB, T10
OD _AD _m
OB BC =n’

Janee paccmotpum ABB|D BB; u OO, nexar B miockoct BB;D.
DO,0~BB,D rtak xak £B;DB — obumii 1 £Z00,D=~2/BB,;D=90°.

Torma —=——=———= .
BB, BD OD+OB m+n
‘BB
Tax gto OO, = meP __am

m+n m+n’

40. Yepes cTopoHy mapajuieiorpaMma IIpOBEACHA IUIOC-
KOCTh Ha PAacCTOSIHUHM a OT MPOTHBOJIEXKAILEH CTOPO-
HBl. Haiinute paccrosiHMe OT TOYKM IepecedeHHs
JlMaroHajeu napajuiesiorpaMmma 10 3TOM MIOCKOCTH.
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ITycte ABCD u o nanHBIe apajuienorpaMm U miockocts. [IpoBenem
nepnenaukysip CC, Ha mnockocts o. Torna CC; = a. M — Touka mepe-
ceueHus quaroHanen napamienorpamma. [Iposenem MM, — nepnenau-
KyJIsIp K miockoctu . Torma MM, ||CC;.

AAMM nonoben AAC,C. TToatomy AM _ %

AC  CC,
Jlmnaronanu mapasuienorpaMMa B TOYKE IE€PECedeHUs ACIATCS IOIo-
1 1

JIaM TaK 4To A—M=l ITosatomy MM =—-CC,| =—a.
AC 2 2 2

41. U3 BepmmHBI KBaJpaTa BOCCTAaHOBJICH IEPIICHIUKY-
JSp K €ro IUIOCKOCTH. PaccTosSHHUS OT KOHIA 3TOTO
MEPIEHANKYJIISIPa 10 APYTUX BEPIIMH KBaJpaTa PaBHEI
a n b (a < b). Halinure niavHy nepreHAMKYIsipa M
CTOPOHY KBajpara.
ITycte SA — mannbni nepnernukysp. Torma SB = SD = a (Tak kak
paBHBIE HaKJIOHHbIE MMEIOT paBHble npoekimu). AB L BC (cTopoHs!
kBanpara). SB L BC (1o TeopeMe o Tpex mepreHAnKyIsIpax).

.

C

3naunt, ASBC — npsiMmoyronbHbIi, mosToMy 1o Teopeme I1udaropa:
BC?=SC*- SB*=p>— az, TaK 4TO

AB=AD=CD=BC=vb*-a*.
SA 1 AB (1o ycioButo), TaK 4To

53



SA’=SB*- ABZ; a— (bz— az) = 24° —bz, Tak 4To

SA =+2a%-b? .

42. W3 BepmuHBI TPSIMOYTOJEHHUKA BOCCTAHOBJICH IIep-
HNEHIUKYJISP K €ro IIOCKOcTH. PaccTosHUE OT KOHIA
9TOr0 MEPHEHAUKYNISApa N0 APYTHX BEPIIMH MPSIMO-
YroJIbHUKA paBHbI a, b, ¢ (a < ¢, b < ¢). Haiigure
JUIMHY TIEPIICHOUKYJApPA U CTOPOHBI MPSIMOYTOJILHH-

Ka.
N
¢
C
A D

ITycte SA — nannbni nepnengukyinsp. Torga SD, SC u SB — Ha-
kinonHele, SD=5b, SC=¢, SB =a.

ASDC = 90° (Teopema o 3-x nepnenaukynsapax). Tak uro ASDC —
npsiMoyroibHbIil. [ToaTomy

DC?=SC?-SD?*= ¢? —bz, TakK 4TO

DC=+vc?-b? ;DC=AB — CTOPOHBI IPSAMOYTOJIBHUKA.
ITo teopeme Iudaropa 8 ASAB:
SA’=SB’— AB*=d’— (¢’ - b*) = @’ + b* — ¢*, Tak ut0

SA=+a®+b>-c*.

Hamee ASBC — mpsMOYTONBHEIN MO TeOpeMe O TpeX IMepIeHANKY-
JsIpax, IMO3TOMY
BC?=SC?- SB? = ¢*— &’. Tax uto

AD=BC=vc*-a* .
43. W3 maHHOHW TOYKH K IUIOCKOCTH TIPOBEICHBI JBE Ha-
KJIIOHHBIE JUTMHON 2 M. HAalAWTE PacCCTOSHUE OT TOUYKH

IO TUTOCKOCTH, €CITH HAaKJIOHHBIE 00pa3yroT yroa 60°,
a MX MPOCKIIUY MEPICHUKYIISPHBI.
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IMpoBenem SO — mepneHAMKYISP K IDIOCKOCTH. Toraa HakIOHHBIE
SA =SB =2m. ZASB = 60°.

PaBHbIe HaKJIOHHBIE HMEIOT paBHBIE NpoeKuny, 3HaunT, AO = OB.

Tak kak yrox ZASB = 60°, o AASB — paBHOCTOpOHHHH, a, 3Ha-
yut, AB=AS =SB =2Mm.

Janee AO L OB (1o ycnosuo), AAOB — paBHOOEIpEHHBIN U TIPsI-
MOYTOJIbHBIMN.

Tak uro ZOAB = ZOBA =45°. A, 3Ha4ur,

BO = AO = AB-cos45° = 2- g =2 (m).

Haiee mo treopeme ITudaropa 8 AAOS:

SO =vVAS? —A0? =4-2 =2 ().

44. U3 ToukH, OTCTOSIIEH OT IUIOCKOCTH Ha PAaCCTOSIHUE
1 M, IpoBezieHH! 1BE paBHBIE HaKJIOHHbIE. Haiinure pac-
CTOSIHHE MEXy OCHOBAHHMSAMH HAKJIOHHBIX, €CIH H3-
BECTHO, YTO HAKJIOHHBIC NEPIEHIUKYIPHEI U 00pasy-
0T C MNEPHEHAUKYJIAPOM K IIJIOCKOCTH YIJIbl, PaBHBLIC
60°.

A
[Tycte SA = SB nannHble HaKIOHHBIE, SO — MEPIIEHANKYISIP K IUIOC-
kocty, SO = Im. AAOS = ABOS — npsimoyrosbHble, (110 TUIIOTEHY3€ U
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octpomy yriay) ZASO = 60° u ZBSO = 60°, a, 3naunt, LSAO =
=/SB0O=30°. [TosToMmy:

SO =% SA =% SB. Tak 4t SB = SA = 2u.

ITo ycmosuro SA L SB, Torna, mo reopeme [udaropa, noryuaem:

AB=vSA? +SB? ={4+4=8=22 ().

45. Yepes LEHTp BNHUCAHHON B TPEYTOJbHUK OKPYKHOCTH
MpOBEACHA TpsiMasi, MEePIEHIUKYISpHAs IUIOCKOCTH
TpeyrojpHuKa. JlOKaKUTE, YTO Kakaas TOYKa ATOU
MPSAMOM paBHOYJAJIEHA OT CTOPOH TPEYTOJIbHUKA.

3anmaua pemiena B yueOnuke m. 153 ctp. 30.

46. K 1utockocTH TpEyroibHUKA W3 [EHTpa BIHCAHHOU B
HEro OKpYXXHOCTH paguyca 0,7 M BOCCTaHOBIICH Iep-
neHauKkynsap anuHoit 2,4 M. Haiinure paccrosiHue oT
KOHIIa 3TOT0 HEPIEHAUKYJIApa 10 CTOPOH TPEyrob-
HHKA.

ITycte O —1eHTp BnHCaHHOH OKpYXKHOCTH, a OS — JaHHBIN NepreH-
nmukyisp. Torma » = AO = OB = OC = 0,7 m., tae Touku A,B,C — Toukn
KacaHUsI CTOPOH TPEYTOJIbHUKA C OKPY>KHOCTBIO.

ITo Teopeme o Tpex nepnenaukyasspax SA L MN.

Torna no Teopeme ITudaropa B AAOS:

SA =ySO2 +A0? =4/2,42 +0,72 =,/625 =2,5 ().

47. PaccrossHue OT JaHHOW TOYKH JO IUIOCKOCTH Tpe-
yroyipHuka paBHo 1,1 M, a 10 Kaxxnod M3 €ro cTo-
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poH — 6,1 M. Haiinute paamyc OKpY>XHOCTH, BIIH-
CaHHOM B 3TOT TPEYTOJIbHUK.

IIycte S — panmnas Touka, m SO — mepmenaukyisip.Torma SO =
1,1 M, paccTosiHUE OT TAHHOM TOYKH JIO IUIOCKOCTU TPEYrojibHUKa. SB,
SC, SA — HaxkJIOHHbIE; MEPHEHIUKYISAPEl K CTOPOHAM TPEyroJbHHKA.
Torma AO = BO = CO kak ImpoeKINH PaBHEIX HAaKJIOHHBIX. [10 Teopeme
o tpex mepreHaukyisipax AO, BO, CO mepneHOuKyIsIpHBI CTOPOHAM
TpeyrojipHuka. 3Ha4uT O — HEHTP BIMCAHHOW OKPYKHOCTH B TPEYrOJib-
Huk 1 r =A0=0B=0C.

ITo teopeme [Mudaropa B Tpeyronpanke SOB:

OB =+/S02 —S0? =4/6,12 1,12 =36 = 6 (31).

48. U3 BepmmHBI PaBHOCTOPOHHETO TpeyroibHnka ABC
BOCCTaHOBJIEH MepHeHAuKysip AD K miuockocTu Tpe-
yroibHuka. Haitnure paccrosiuue ot Touku D 1o cto-
porbl BC, ecmu AD =13 cm, BC =6 cm.

D

IIposenem DK L BC, Torma mo Teopeme O TpexX MEPHEHINKYIIpax
AK 1 BC. DK — uckomoe paccrosiaue. Tak kak AK — BbicoTa, T0 AK —
mennana ( AABC — paBHOcTopoHHUIT), mosTomy BK = 3 cm. o Teope-
Mme ITudaropa 8 AABK :

57



AK =vVAB?—BK? =62 =32 =427 (m).
Amnanornuno B ADAK 1o teopeme [Tudaropa:

DK =VAD? + AK? =132 +27 =4/196 = 14 (m).

49. UYepes konen A otpeska AB mmuHBI b mpoBeneHa
MJIOCKOCTh, TEPIEHANUKYISIPHAS OTPE3Ky, U B ITOH
IUIOCKOCTH TIpoBejieHa mpsamas. Halinure paccrosi-
HHE OT TOYKM B 10 mpsMoH, eciu pacCTOsSHUE OT
TOYKU A 710 NpAMOU PaBHO a.

BA — nepnenaukynsip K miockoctd o, torna BA L AA,, rne
AA; — paccTtosHHE OT TOYKHM A 10 HPSAMOH ¢ B IUIOCKOCTH O U
AA; L c.Tlo Teopeme o Tpex neprnenaukysipax BA; L a.

3Hauut, BA| 1 ecTh paccTosiHME OT TOYKK B 10 mpsimoii a.

2

ITo Teopeme ITudaropa B AABA; :
BA>=BAZ+ AA2 =4’ + &%, tak uto

BA, = Va® +b* .

50. PaccrostHus oT TOYKM A 10 BCEX CTOPOH KBajapaTa
paBHBbI a. Halinute paccrosHue OT TOYKH A 10 IIIOC-
KOCTH KBaJpaTa, €CJIM AMaroHallb KBaJpaTa paBHa d.
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ITycte A — manHast Touka. AO — HCKOMOE paccTostHue, TO ecTh AO
— nepneraukynsap. Haknonnsie AK = AE; OE, OK — npoexiuu paBHbIX
HaKJIOHHBIX, a 3Ha4uT, OE = OK.

Janee mo Teopeme o Tpex nepneHaukyisapax OF u OK — mepnenanky-
JSIPHBI K CTOPOHAaM KBajpaTa. 3HauuT, O — IIEHTP BIMCAHHOW OKPYXHO-
ctu. To ectb O — TouKa MepeceyeHuns TuaroHanei.

d . .
Torma, ON :E (o CBOWCTBY auaroHajieil KBajapara), U Mo TeopeMe

[Mudaropa B Tpeyronbauke OKN:

N
d

E 450 K
0

Q

M

W2

Haiee B Tpeyronbuuke AOK mo teopeme [udaropa:

2 d”
8

OK = ON-sin/NOK = ON-sin45° :% g 4

AO =+vAK?-0K? =.|a

51. Touka M, nexaias BHe MIOCKOCTH JAHHOTO MPSIMOTO
yria, yaajleHa OT BEpIIUHbI YIla Ha pacCTOsSHUE a, a
OT ero CTOpPOH Ha paccrosaue b. Haiigmre paccros-
HHE OT TOYKH M 10 IUIOCKOCTH yTJIa.
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Ilycte o0 — mockocTs naHHOro mnpsmoro yria BAD. Torapa
MB = MD = b (nepneHIuKyIsIpsl K cTopoHaMm yria), MA = a, u MC —
NEPHESHANKYJISIP K MIIOCKOCTH O

JHamee mo Teopeme o Tpex neprenaukyisipax BC L AB, CD L AD,
MpUYeM KakK TMPOeKIMH paBHBIX HakIoHHBIX BC = CD. 3nHauwur,
ABCD — kBagpaT co CTOPOHAMHU:

CD=BC = AB = AD =va” -b* (Ilo teopeme [Tudaropa 8 AAMD ).
B tpeyronsruke DCM umeem:

MC =yDM?2 - DC? =b -(a? -b*) =+/2b -a? .

52. Jlan paBHOOEIPEHHBII TPEYTrOJIbHUK C OCHOBAaHUEM 6 M
1 OOKOBOW CTOPOHOM 5 M. M3 1IeHTpa BIHCAHHOTO KPY-
ra BOCCTaBIICH MEPHEHAUKYISP K IUIOCKOCTH Tpe-
yrojpHUKA [UIMHOHN 2 M. Haiinure paccTosiHUE OT KOH-
11a 9TOTO MEePIEHIUKYJISIpa 10 CTOPOH TPEYTOJIbHUKA.

ITycte SO — mannbli nepneHaukynap, K, M, N — Touku kacaHus
CTOPOH TPEYroJbHHUKA C OKPYXKHOCTBIO. Toraa mo teopemMe o Tpex mep-
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nenaukynsapax SK1BC, SN1AB, SM1OM. Tak uto SK = SM = SN —
HCKOMOE PacCTOSIHUE.
AB+BC+AC
Hanee Sppc=pr, p=———

Z3F6FS gy Tax uro S = 8 (m2),

Jamee S =%BM -AC, HO

BM =\ BC? = MC? =25-9 =4 (m).
1
Tax uto0 S = 3 64 =12 (M%). To ecTb

8r=12ur=0K=1,5 (m).
Jlanee u3 ASOK :

SK =vS0% +OK? =,/4+2,25 =4/6,25 = 2,5 (m).

53. U3 Bepmunsl mpsimoro yrina C tpeyronsHuka ABC
BoccTaBieH neprneHaukyinssp CD k mmockocTH Tpe-
yroibHuka. Haiinure paccrosiHue oT Touku D 1o ru-
MOTEeHY3bl TpeyrojbHuKa, eciii AB=a, BC=b, CD=c.

A

ITycte CD — mepneHAMKYIAp K IUIOCKOCTH TpeyrombHuka, a CK L
AB (BbpICOTa TPEYTOJIBHUKA).

Torpa no Teopeme o Tpex nepnenaukyisapax DK L AB. To ecte DK

— uckoMoe paccrosaue. [lanee AC = \/AB2 -BC? = \/a2 b2 ;

sABC:% AB-CK :% AC-BC.

61



AC-CB _Va’-b>b

Tax yto CK =
AB a
Jlanee B8 ACDK :
2 .2 :
DK =CD? +CK? = |2 4| Y =b7 b | _
a

2;2 .4 4

= 62+%: cz+b2_b_2.
a a

54. [anwl npsiMasg a W IUIOCKOCTH O. I[IpoBenurte uepes
OpSMYIO @ TJIOCKOCTb, MEPIEHIUKYISIPHYIO TIOCKO-
CTH OL.

3anmaua pemiena B yueOHuke 1. 154 ctp. 31.

55. [Hanbl npsimasi a ¥ INIOCKOCTb O.. JJOKaXHuTe, 4TO BCE
MpsIMbIE, IEPIIEHANKYIISIPHBIE TUIOCKOCTH O U TIepece-
Karollie NpsAMyIo @, JIeXaT B OJHOW IIOCKOCTH, Iep-
NEHAUKYJISIPHON TJIOCKOCTH OL.

<

Ny

Bo3emeM mobyro Touky A Ha MpsSMOH g, U TIPOBEEM depe3 Hee Ipsi-
myto b L o Tlnockocts B, oOpa3oBaHHas MPAMBIME a U b, TiepecekaeT o
o nipsimoii ¢ 1 b L c. ITmockoctr oL v B eprieHauKy sipHbL. Tak kak b L o
u 3 comepxur b. JIrobas npsimast epIEeHIUKYIISIPHAS 0L — JOJDKHA OBITh Ta-
pamutensHa b. A Tak Kak OHa IepeceKaer a, To JISKUT B . Uto u TpeboBa-
JIOCh JIOKA3aTh.

56. U3 BepmuH A U B paBHOCTOpPOHHEro TpEeyroibHHKA
ABC BoccranoBieHsl nepneHauKkyasipsl AA; u BB
IJIOCKOCTU TpeyrosibHuka. Haligure paccTosiHME OT
62



BepmuHel C 10 cepenuHbl oTpe3ka A;B;, eciu
AB =2wM, CA;=3m; CB;=7M u orpe3ok A B, He
MEePECeKaeT MIOCKOCTh TPEYTOIbHUKA.

ITposenem CK L AB u KK nmapamrensno AA; u BB,;. Torma ucko-
Moe paccrosaue — CK;.

AA, || KK || BB u nexar B onHO# 1tockoctd. 3Hauut BBiAA —
tpamerus, a KK, — cpennsist muaus tpamerun, Tak kak CK — menmana u
BeIcoTa. Torma

KK, = AA, ;rBB1 '

BAAAC: AA;= A, C?—AC? =9-4 =45 (m).
BABBC: BB;=yB,C?-BC? =49-4 =45 =35 ().
AA,+BB, :\/§+23\/§:2\/§(M)

2

BAKKC: CK;= yKK;>+KC? 1
[ [ =3 (m).

KC =BC-c0s30° =BC-—=

Tak uto CK; =4/(24/5)2 +(J§) :\/2o+3:\/5 (m).

Tak uro KK; =

57. W3 BepmmH A U B ocTpBIX YIIIOB MPSMOYTOIBHOTO Tpe-
yroiparka ABC BoccTaBieHBI EpIeHAUKYISIPEl AA | 1
BB, x mnockoctu TpeyronasHuka. Halinure paccrosHue
or BepwmHbl C 10 cepeaunbl oTtpe3ka A;B, eciu
A,C=4wm, AJA=3 M, B,C = 6 M, BjB = 2™ 1 oTpe3ox
A;B; He nepecekaeT IIIOCKOCTH TPEYTONbHUKA.
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IIycts CK; — nckomoe paccrosrue. Torma CK; = KK12 +CK? (mo

teopeme [lmdaropa), Tak xak TpeyrompHrk K KC mpsmoyromeaeii (KK
1AB).

A

Janee AA,||KK;||BB;, u nexar B OJHOH IUIOCKOCTH, 3HAuWT,
AA BB — tpanenus. Ho torna KK; — cpennsia nunus, tak kak K; —
cepenuna AB;.

AA,+BB, 5

2 2 :5 (M)9

Haiee mo Teopeme [Tudaropa 8 AB,BC:

BC =/B,C2-BB2 =v6” —2? =432 (m);
B AAAC:

AC=1/A,C?-AA2 =/47 =32 =/ (m);
TOrjga B AABC :

AB=+BC? + AC? ==1/(32)% + (V7)? =32+ 7 =439 (m);

CK =%AB (pammyc BIHCaHHOI OKPYXHOCTH), TO €CTh

Tax uto KK, =

CK%@ ()

2
2,5)? +(@J = J16 =4 ().

nanee, CK, = 5

58. [okaxwure, 4TO €ciu mpsiMasi, Jiexaluas B OJHON H3
JIBYX TIEPIICHANKYISAPHBIX IUIOCKOCTEH, TEePIeHINKY-
JSpHA JIMHAW WX TEPECeYeHHs, TO OHA IEPIEeHINKY-
JIApHA U APYrou MIOCKOCTHU.

ITycts o L B, IIEPECEKAIOTCS 1o IpsIMOit c,
aco,alc.
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a Toraa npoBeseM B INIOCKOCTH [ uepe3 TOUKY
FAREEE o remme C nepeceueHus OpsAMBIX @ U ¢ OpAMyo b 1ep-
i neHauKyisapHo c. Torma miockocTs Y oOpaso-
BaHHAs MIPSIMBIMHU ¢ U b, TIEPIIEHIUKYIISIPHA TIPsI-
moii ¢. Tak xak o L 3 (mo ycnoswuro), o a L b; a
1 ¢. Tak uro a L B. Yro u TpeGoBanock moKa-

3aTh.

59. U3 Touek A u B, mexanmx B OBYX HEPHCHIUKYISP-
HBIX IJIOCKOCTSIX, ONYIIEeHbl nepneHaukysipel AC u
BD na npsamyro nepeceuenus miockocreil. Haiinute
JUIMHY oTpe3ka AB, eciu:
1)AC=6M,BD=7m,CD=6wm;
2)AC=3m,BD=4m,CD=12wm;
3)AD=4wm,BC=7M,CD =1 m;
4)AD=BC=5M,CD=1wm;
5)AC=a,CD=c¢, BD=b;
6) AD=q,BC=b,CD=c.

\/
Npg

]

Pemum cHauana myHKT 5:

5) Iycth miockoctr o U B meprenaukysipabl, CD — npsmas mepe-
ceuenus miockocteit, Torga ACLCB u BDLAD. Torma

B AACB:

AB?= AC?+ BC? no u3 ACDB cremyer, uro:

BC?=CD’+BD’ = ¢? + 5>,

Tax uto AB*= AC?+ CD*+ BD?= a° +b% +¢2.

To ectb AB =V a? +b>+c? .

IoxcTaBinss yncna, MOTy4YUM PELIEHUS MyHKTOB 1 1 2:
1) AB*=6"+ 72+ 6°=36 + 49 + 36 = 121 (M%);

AB =11 (m).
2) AB*=32+ 122+ 4°=9+ 144 + 16 = 169 (m?);
AB =13 (m).

PemmmM niyHKT 6:
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6) AB*= AC>+ BC?, 1o
AC?*= AD*- CD? (u3 AACD ), Tak 4to
AB= YAD? —CD? +BC? = a? +5% - 2.
4) AD =BC =5 m, CD = | M; moAcTaBJIsis Yicia IMOIyduM:
AB= YAD? —CD? +BC? = 52 12452 =7 (w).
3)AB = 16+49—1 = /64 =8 (m).
60. Touka HaxOIUTCS HA PACCTOSIHUM @ U b OT IBYX mep-

HNeHIUKYJSApHBIX IockocTeil. Halinure paccrosHue
OT 3TOH TOUKH 10 IPAMOM NEPECEUEHUS IIIOCKOCTEH.

[TycTh nmepneHIuKyIIspHBIe ITIOCKOCTH O U 3 IIepeceKaroTcsl 0 IpsIMOi
c. IpoBenem mepnenaukyssipel AB, AD, AC. Torma 4eTbIpexyroibHUK

ABCD — npsivoyromsamk. AC =va? +b> . AC — HCKOMOE PacCTOsHHE.
Ocraioch n0Kazarb, uto Touku A, B, C, D nexar B 0/1HO# MJI0CKOCTH.

BC — mpoexkmmst AC Ha TIOCKOCTH O, TTIO3TOMY II0 TEOpeMe O Tpex
nepuenaukyisipax BC L ¢, BC L B (3agaua 58). Tak kak AD L 3, To mo
teopeme 18.4 mpsameie AD|BC, a, 3naunt, AD u BC nexar B ogHO#H
IUIOCKOCTH. YTO 1 TpeboBanock 10Ka3ars.

Taxk uto AC:\/a2 +b2 .

61. ILiockocTu O 1 B mepreHAUMKYISIPHBL. B 11ockocTy of
B3Ta TOYKA A, PACCTOSIHUE OT KOTOPOM 10 MPSMOii ¢
(mmHUS TepecedeHws IUTOcKocTel) paBHO 0,5 M. B
IUIOCKOCTH [3 mpoBeleHa mnpsiMas b, napajuiebHas
npsiMoil ¢ U orcrosamas oT Hee Ha 1,2 M. Haiinute
paccTosiHAe OT TOYKH A J0 IPSMOH b.
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IMycts o m P mepneHaukyssipHble miockocTH. b || c; BC =12 M,
AB =0,5wm, tne AB_Lcu BC._Lb. Torma no Teopeme 0 Tpex IMepIEeHIH-
kynspax AC L b. Tak yro AC — HCKOMOE PacCTOSHUE U

AC= VAB? + BC? =122 +0,5% = /1,69 =13 (m).

62. TlepneHanKyJIAPHBIE TIOCKOCTH O U [} IepeceKaroTes
no mpsMou c. B mimockoctu O mpoBeneHa mpsiMas
a | ¢, B wiockoctu 3 — mpsimast b || c. Haiiure pac-
CTOSIHUE MEXAY UPSAMBIMA a W b, €Cu pacCTOsHUE
MEXIy IpSAMBIMU g U ¢ paBHO 1,5 M, a Mexay mps-
MbIMH b 1 ¢ — 0,8 M.

a A .

B B
Bosbsmem B miiockocTu o TOUKy A Ha npsimoit a. [To Teopeme o Tpex
napauleNbHBIX TPSIMBIX MOJIydaeM, 4To « || 6 (Tak Kak a || ¢, 6 || ¢. IIpo-
BegeM AC L c u CB L b. Torma mo teopemMe O Tpex HMEPHEHIUKYIAPAX
AB 1 b. Tak uto AB — uckomoe paccrosinue 1 AB | CB, tak kak o0 L 3

(o ycioBuio); W3 MpsSMOyroipHOTO TpeyronbHuka ABC mo Teopeme
IMudaropa nmeem:

AB =yCB? + AC? =/1,5 +0,82 = 2,89 = 1,7 ().
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§18. /lexapmoevt Koopounamol u 6eKmopol
6 npocmpancmee

1. TI'me nexar Te TOYKH NPOCTPAHCTBA, U KOTOPBIX KO-
OpAMHATHI X U ) PaBHBI HYIIO?

Taxue Touku umeroT koopauHathl: A(0;0;z), T.e. ToUKa A JEXKUT Ha
OCH Z.

2.  Hanmwr touku A(1;2;3), B(0;1;2), C(0;0;3), D(1;2;0).
Kaxkue u3 3TUX TOYEK JIexKaT:
1) B IJIOCKOCTH X);
2) Ha ocH z;
3) B tutockocTH yz?

3anava pemiena B yueOHuke 1. 157 ctp. 40.

3. [ana touka A(1;2;3). Haiinzute ocHOBaHHE NepIeH-
JIIKYJISIPOB, OITYIICHHBIX M3 3TOW TOYKH Ha KOOPIH-
HaTHBIE OCH ¥ KOOPIMHATHBIE INIOCKOCTH.

Azl
3 Az A () 2
Yz 1 y
Axz f ;x \Axv
2 N x X

Ay 4

1 xy sz v A
x Z

ITocTpoum KoopAMHATHBIN napamienenunes Touykd A. OTMETHM Ha
ocu x — A(1;0;0); y — Ay(0;2;0); z— A, (0;0;3).

3areM n3 TOYKH Ay MPOBEIEM ABE NPSMbIC, MapaUICNbHYIO OCH J U
OCH z, U3 TOYKH Ay — NpsAMbIE NApajIeNbHbIE OCH X U OCHU z; U3 A, —
HapasJiesIbHbIE OCH X U OCH ).

Ipu nepeceyeHny NPAMBIX IOIY4alOTCs TOUKH Ay, Ay, Ay, Toraa
AAy =2 AVA, =35 AJA =15

AA, =3 A,A, =15 AA, =2,
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[epnenauKyaspaMu Ha KOOPIAMHATHBIE OCH OYAyT OTpe3ku AA,, AAy;
AA, Ha KOOpAMHATHEIE IIOCKOCTH Ay, Ay,, A, Tlomrydaem 4T0 OCHOBA-
HMS NEPNEHIUKYIAPOB: Ay (1;2;0), Ay,(0;2;3), A(1;0;3).

4. Haiinure paccrosiHus ot Touky (1;2;-3) no:
1) KOOpAWHATHBIX TUIOCKOCTEHH;
2) oceil KOOpAWHAT;
3) Hayayia KOOpJIMHAT.

CTpouM KOOpJMHATHBIN Mapajulesienune Kak B 3aj1a4ue 3 U HaxoJIuM
PaCCTOSIHUSA:

1) AAy= 2| = 3; AA,= | = 2; Ay, = x| = 1, rae (x; y; Z) — Koopau-
HATBI JaHHOH TOYKH, TO ecThb (X; y; z) = (1; 2; -3).

2) Hanee mo teopeme [Tudaropa nmeem:

AA, —ﬂy +z° 4+9 = 13;

AA,= y2+x2 =V4+1=45.

3) AO*= AA,>+ A,0O” — no Teopeme [Tudaropa. Tax uTo

AO*=5+9=14;

A0 =414 .

Tax 4TO paccTosHUE A0 IUIOCKOCTEH: Xy paBHO 3, Yz PaBHO 2, yz paB-
HO 1; paccTosiHME 110 OcCeil KOOpAMHAT PaBHO COOTBETCTBEHHO J13 ,

\/E , \/g , paCCTOAHUE 10 Havdajla KOOpAUHAT PAaBHO \/ﬁ .

5. B mockoctH xy Haiaute Touky D(x;y;0), paBHOyIa-
JeHHYyI0 OT Tpex pHaHHbIXx Toudek: A(0;1;-1),
B(-1;0;1), C(0;—1;0).

3anaua penieHa B yueOHuke 1. 158 ctp. 41.

6. Haiigure Touku, paBHoOoTCTOsIKEe OT Touek (0;0;1),
(0;1;0), (1;0;0) 1 oTcTOAIIME OT MIIOCKOCTH Yz HA pac-
CTOSIHHUEC 2.

ITycte mckomas touxa K(x;y;z). Torma paccrosame ot Touku K mo
TUTOCKOCTH yz PaBHO |x| (3amaua 4). To ecTh |x| = 2, 3HaYUT Xx=—2 WU
x=2. B KaxJI0M ciyyae NpUpaBHUBAEM KBaJIpaThl PACCTOSIHUM OT TOUKH
K mo touex A, B, C, umeromux koopaunatel A(0;0;1), B(0;1;0), C(1;0;0)

PpaBHbI, TO €CTh
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AK? = BK? = CK?;

B G | R e N £ 0 | RS CO | RS e

Tak uto y2 +(z—1)2 :(y—1)2 +zz,0TKyz[ay =zHu

x? +(z—1)2 =(x—1)2 +z2, oTkyza x =z . Takuyto x=y=z=212.
Nmeem touku: Ki(2; 2; 2) u Ky(-2; -2; -2).

7. Ha ocu x maifizure Touky C(x;0;0), paBHOyHZaJCHHYIO
ot nByx Touek A(1;2;3), B(—2;1;3).

AC*=(1 —x)*+2*+3°=BC*= (-2 —x)*+ 17+ 3%, 10 ecTh
1-2x+xX7+4+9=4+dx+4+1+9+x%

—6x=0;

x =0. Tak uro C (0; 0; 0).

8. CocraBbTe ypaBHEHHE T€OMETPUUECKOTO MECTA TOUEK
IIPOCTPAHCTBA, paBHOYAAIEHHBIX OT TOukH A(1;2;3) 1
Havasa KOOpIUHAaT.

A(1;2;3)

ITycte M(x, y, z) — TOUKa ¢ JaHHBIM CBOMCTBOM. Torma
OoM? :AMZ, TO €CTh

Xyt =@— 1)+ (=27 + (-3
Ky + =2+ 1+y -4y +4+2-62+09;
2x+4y+6z—-14=0;

x+2y+3z—-7=0—3T0 ypaBHEHUE IIIOCKOCTH.

9. Jlokaxwute, 9To HeThIpexyroinbHUK ABCD c Bepmm-
Hamu B Toukax A(1;3;2), B(0;2;4), c(1;1;4), D(2;2;2)
SIBIIICTCS MTAPAJLICIIOTPAMMOM.

3anmaua pemiena B yueOHuKe 1. 159 cTp. 42.
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10. [dokaxwure, uto uersipexyronsHuk ABCD sBnsercs
MapauIenorpaMMoM, ecilu:
1) A(0;2:-3), B(=1;1;1), C(2;-2:=1), DG3;-1:-5);
2) A(2;1; 3), B(1;0;7), C(=2;1;5), D(-1;2;1).

Ecnu nuaronany 4eTsipexyrojibHUKA MEPECeKaloTcs B OAHOM TOUKE U
nepeceyeHus JeJsITCs B Hell monojaM, TO YeThIpeXyroJIbHUK — Iapaiiie-
JIOTpaMM.

0+2 2-2 -3-1
1) Opx=——=1y=—=0,z=—— =
2 2 2

=—2 — cepenuna AC;

01(1;0:-2).

-1+3 1-1 1-5
Oyx=——=1,y= — =0,z= — =-2 — cepeauna BC;
2 2 YT 2 ped
0,: (1;0;-2). Tak uto O; = O u
ABCD — napannenorpaMmum.

2-2 1+1 3+5

2)0px=—F—=1,y= —=1,z=—= =4;
)01 2 YT 2
01(0;1;4).

1-1 2 1
Opx=dlog =02, _7Hl_,

2 2 2

0,: (0;1;4); O1= O,, Tak uto ABCD — mapaienorpaMm.

11. [okaxwure, uto uersipexyronsHuk ABCD sBnsercs
pombom, eciu:
1) A(6;7:8), B(8;2;6), C(4;3;2), D(2;8;4);
2) A(0;2;0), B(1;0;0), C(2;0;2), D(1;2;2).

1) Cuauana pokaxeM, 4To 4eTelpexyroibHUK ABCD mnapanneno-
rpamM:

+4 + +2
01x=6—=5, =—3=5,z=87=5;—cepeauHaAC;
01(5:5;5)

+2 2+ +4
02:x=8T =5,y= TS =5,z= 6T =5; — cepenuna BD;

0,: (5;5;5). Oy = Oy, Tak 9ToO

yeTeIpexyroabHUK ABCD — napannenorpaMmm.
Tenepb 1oKaXkeM PaBEHCTBO JABYX COCEHUX CTOPOH:
AB*=(8—6)*+ (2= 7)*+ (6 — 8)*=22+52+22=133;
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AD’=(2-6)*+ (8 = 7)°+ (4-8)* =4’ +17+4’ = 33, TaK ut0 AB = AD
n ABCD — nmapamenorpaMm ¢ paBHBIMH CTOPOHAMH, T.€. pOMO.

2) O x= OLZZ :l,y:¥ =1,z= E =1 — cepemuna AC;
O4(1;1;1).
Ozzx:% =1,y= % =1,z= OLzz =1 — cepenuna BD;

0,: (1;1;1). Oy = Oy, Tak uTO

yeTbIpexyronsHIK ABCD — mapasmrenorpamm.

AB’=(0 -1+ (2 -0+ (0-0)’=1>+2°=5;

AD*=(0— 1+ (2 -2+ (2-0)>=1?+2%=5.

AB = AD, tak urto

ABCD — napajureniorpamMmm ¢ paBHBIMH CTOPOHaMH, T.€. pOMO.

12. Jlanbl omuH KoHel[ oTpe3ka A(2;3;—1) u ero cepeauna
C(1;1;1). Haiinure BTOpOIt KOHel oTpe3ka B(x;y;z).

Tak kak C — cepenuna AB, To
2+4x 3+y -l+z

C(1;1;1)=C ; ; , TaK 4TO
(L1;1) (2 3 3 )
2+x:1; 3+y:1; —1+z:1;

2 2 2

x=0;y=-1;z=3;uB(0;-1;3).

13. Haiinute xoopauHaThl BepmMHbl D mapamnenorpam-
Ma ABCD, eciu k0oOpAuHATHI TpeX APYTUX BEPILINH
W3BECTHBI:

1) A(2;3;2), B(0;2;4), C(4;1;0);
2) A(1;:=1,0), B(0;1;-1), C(=1,0;1);
3) A(4;2;-1), B(1;-3;2), C(—4;2;1).

B C

Ne—
LN\

a Dy )

JunaroHanu napajuiesiorpamMma MepecekaroTcs B OJHOM TOYKE U Je-
JISTCS B HEH IOTIONIaM.
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1) O;=0,, rne O, — cepenuna AC, a O, — cepenuna BD.
2+4 3+1 2+O

Opx=——=3y=——=2,z =1,
2 2 2
(3 2;1). IHockomeky O; = O,, TO
A A L S Y S Y
2 2
Tak uto D(6;2;-2).
2) 0;=0y;
1-1 -140 O0+1
o ; ; ;
5 2 )
O+x 1+y -1+z
O ; ; , TIOATOM
2 ( > > 5 ) Yy
0= ﬁ;x:0;—l = 1+—y;y:—2; 1. _1+Z,z:2.
2 2 2 2 2
Tak uto D(0;—2;2).
3)0,=0y
4-4 2+2 —-1+1
0 ( ; ; );
2 2 2
I+x -3+y 2+z
O ; ; , TTIOOTOM
2 ( 5 > > ) Yy
0= 1+x x=-1;2= 3+y y="T O—Z;Z;Z:—Z,TaK‘ITO
D(-1;7;-2).

14. JlokaxxuTe, 4TO cepeirHa OTPe3Ka C KOHIAMH B TOY-
kax A(a;c;—b) u B(—a;d;b) nexxut Ha ocu y.

[Tycte M — cepenuna AB, Torna

M(a a c+d;—b+b)’ToeCTL

2 2

M (0; =

J0Ka3aThb.

15. Jlokaxkute, 4TO cepeirHa OTpe3Ka ¢ KOHLAMH B TOY-
kax C(a;b;c) u D(p;q;—c) JIeXKHUT B IIIOCKOCTH X).

ITycte O — cepenuna CD. Torna
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a+p b+q c-c a+p b+g

O( ; ; ); O( ; ;
2 2 2 2 2

KOOp/IHATA paBHA HYJI0. UTO 1 TpeOOBAIOCH JOKA3aTh.

0) € xy, TaK KaK TPEThA

16. [lokaxwure, 4T0 MpeoOdpa3oBaHUE CUMMETPHH OTHOCH-
TEJIFHO KOOPJIMHATHOM IUIOCKOCTH Xy 3amaercs (op-
Mymamua X’ =x,y =y,z = —z.

Al

ITycts Touka A cuMmMmeTpuyHa Touke A’.

3HAYUT ITH TOYKH JISIKAT HA TPSIMOM, TIEPIIEHIUKYIIPHON IIOCKOCTH
XV, HAXOISITCS [0 Pa3HbIE CTOPOHBI OT IUIOCKOCTH Xy M PACCTOSIHHS OT A
u A’ 110 xy paBHbl. [ToaTomy KoopauHatel x =x"; y =y u |z]= = |Z/|. A Tak
Kak A 1 A’ 1o pasHble CTOPOHBI OTHOCHUTENBHO Xy, TO z° = =—z. CiieioBa-
TeNBHO, X’ =X, Y’ =y, z/ = —z. UT0o 1 TpebOBAIOCH J0KA3aTh.

17. Hawer Toukum (1;2;3), (0;—1;2), (1;0;-3). Haiigure
TOYKH, CAMMETPHUYHBIC TAHHBIM OTHOCHUTEIBHO KOOP-
JUHATHBIX MJIOCKOCTEH.

3anmaua pemieHa B yueOHuke m. 160 ctp. 43.
18. Mawer Toukm (1;2;3), (0;—1;2), (1;0;-3). Haiigure

TOYKH, CHMMETPHUYHBIE M OTHOCHUTENIBFHO HaJyasia Ko-
OpJIMHAT.

Toukolt cummeTpuyHOI Touke A(X;);z) OTHOCUTEIIBHO Hadana Koop-
JMHAT sBisieTcs Touka A’(—x;—y;—z). Tak 4to:
D (=15 =25 -3); 2) (0;1; -2); 3) (=1,03).
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19. Jloxaxwure, 4TO peoOpa30BaHUE CUMMETPHU OTHOCH-
TEJIFHO TOYKHU €CTh JBHKECHHE.

4

JIBikeHne — mnpeoOpa3oBaHue, HPH KOTOPOM COXPAHSIOTCS pac-

CTOSIHHE MEXIY TOUKAMH.
IIycts A u B npousBoiibHbIE TOYKH. A CUMMETPUYHBIE UM OTHOCH-

tenpHO Touku O, A’ u B’. Torna

OB = OB’ u OA = OA’ tak kak O — TOYKa CHMMETPHH U

ZBOA = ZB’OA’ — BeprukaisHble yribl. Tak 4To

AAOB = AA’OB’ (o 1-my mpusnaky), 3uaunt, AB = A’'B’. Urto u
TpeOOBaIOCh JOKA3aTh.

20. JloxaxxuTe, 4TO MpeoOpa3oBaHNE CUMMETPHHA OTHOCH-
TEJILHO IJIOCKOCTH €CTh JIBH)KEHHE.

A(XEQ'}ZH 'Zl) B (x; Y25 Z2)

!
!
|
I
[
I
|
{

[
[
|
|
\
I
L
f
' ~
A(Xl; yiz) ‘;J
(X2; Y25 22)
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Bo3beMeM mpou3BosibHBIN 0Tpe30ok AB u paccmorpum mpeobpa3oBa-
HUE CUMMETPHUH 3TOTO OTPE3Ka OTHOCHUTEILHO MTPOU3BOJIEHON TNIOCKOCTH
0. BBegeM nexapToBy crcTeMy KOOPAMHAT TaK, YTOOBI OCH X H  JIEKAITH
B IUIOCKOCTH Ol Torma Bo BBEICHHON CHCTEME KOOPIUHAT KOHIIBI OTPE3-
ka AB umerot xoopauHatel A(xi;)1;z1) B B(X25)2;2,), @ 3HAUHT, TIPH CHM-
METPUH OHU TIeperayT B Touku A'(x1;y1;—21) 1 B'(x2;2;—2,) (cormacuo 3a-
nadge 16).

Jlanee:

AB*=(x1—x0)*+ (n =) + (21— 22)%

(A'B)= (x1—x2)*+ = »2) + (~21+ )

(zy —25)% = (2, —7;)*, Tak ut0 AB = A’B’, ClIe10BaTeIBHO, ITO TIpe-

oOpazoBaHue eCTh JIBUKEHHUE.

21. JlokaXuTe, 4TO MpH ABIXKEHUM B IPOCTPAHCTBE KPYT
MEPEXOJHUT B KPYT TOTO )K€ pajuyca.

4
A

Bo3bMeM OKpyX’HOCTB POM3BOJIBHOTO paguyca: OA =r.

IMpu mBWKEHUH OTPE30K TepexoauT B oTpe3ok: OA—O’A’ (paxuyc
nepeaBuraeM u odpasyercs kpyr). Kaxxmas Touka okpy>XKHOCTH niepeiiier
B Ipyryio Touky (A—A’; 0—0’; B—>B).

Pamnyc He m3MeHseTcs, ClIem0BaTENIbHO, KPYI HEPEXOIUT B KpPYyr
(Touxa O ynaneHa Ha OJHO M TO )K€ PACCTOSIHHUE OT JIFOOOH TOUKH).

22. JIoKaXkuTe, 4TO IPU IBMKEHUH B IPOCTPAHCTBE TPHU
TOUKH, JIEXKAIIE HA IPSIMON, NEPEXOAAT B TPHU TOUKHU,
TaKKe JeKallie Ha OJHON NPSAMOH.

Bossmem mpousBosibHBIe Tpu Touku A, B, C, nexamue Ha omgHOU
IpsSIMOIL.

Ecmu B nexut mexay A u C, o AB + BC = AC, no onpeaencHuro
JBIDKEHUs mojydaeM, uto A’B” + B’C’ = A’C’. Dro o3nauaer, yto B’
nexuT Ha nipsimoit A’C’, u B’ nexut mexay A'u C'.
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Taxk kak npsiMasi, OTPE30K OTNPENeNAI0TCA IBYMS TOUKaMH, TO JABHKeE-
HUE B IPOCTPAHCTBE NEPEBOIUT MPSIMBIE B MPSIMBIE.

23. Haiigure 3Ha4enus a, b, ¢ B hopMmymnax mapamiebHO-
ro meperocax’ =x+a,y =y +b,z =z +c, ecnm npu
9TOM MapajuiensHoM mepeHoce Touka A(1;0;2) mepe-
Xomut B Touky A’(2;1;0).

3anmaua perieHa B yueOHuke m. 163 cTp. 45.

24. [Ilpwu mapamiensHoM nepeHoce Touka A(2;1;—1) mepe-
xomut B Touky A’(1;—1;0). B kakyo TOYKy mepexo-
JIUT Ha4ajao KOOpauHaT?

DopMyIIBI MTAPATLIENBHOTO TEPEHOCA:

X=x+a,y =y+b,z=z+c Tak uto A(X0;¥0;20)=AX0";y0;20),
TO a = xy — Xo; b=y’ — yo; ¢ = z¢’ — zo. B Hanuem cirygae

A(2;1;-1)>A’(1;-1;0); moatomy

a=1-2=-1;b=(-1)-1=-2;¢c=0—-(-1)= 1. Tak uro Hayano
koopauHaT O(0;0;0) IEpexoauT B TOUKY:

O'(0+a;0+b;0+c)=0'(-1;-2;1).

25. CymecTByeT 1 HapalbIeNbHBIN MTepeHoC, IPHU KOTO-

poM Touka A mepexonuT B TOouky B, a Touka C — B
Touky D, ecnu:
1) A(2:1:0), B(1;0:1), C(3; =2;1), D(2;-3;0);
2) A(=2;3;5), B(1;2;4), C(4;-3;6), D(7:-2;5);
3) A(0;1;2), B(=1;0;1), C(3;-2;2), D(2;-3;1);
4) A(1;1;0), B(0;0;0), C(-2; 2;1), D(1;1;1)?

Ecnu Takoil napajiienbHbli NEPEHOC CYIIECTBYET, TO Pa3HOCTH COOT-
BETCTBYIOIIMX KOOPIHMHAT 3THX IMap TOYCK JOJDKHBI OBITh PaBHBEL To
€CThb

a=Xg—XA=Xp—Xc; b=yp—y4=¥yp—Vc-

¢ =zg—zZp= zp— zc. UMeeMm:

N1-2=2-3=-1;

0-1=-3-(2)=-1;H01-0 % 0-1.

3HauyNT, TapaIUIeTFHOTO epeHOCca He CYIIeCTBYET.

D1-(2)=7-4=3;2-3 # -2—-(-3).

3HAUUT NapauIeTbHOrO MEPEHOCa HE CYLIECTBYET.

3)-1-0=2-3=-1;0-1=-3-(-2)=-1;
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1-2=1-2=-1.

Tak 4TO Tako# napajienbHbIi IEPEHOC CYIIECTBYET.
4Ho-1#1-(=-2);

3HauNT, NapaJIeIbHOrO IEPEHOCa HE CYIIECTBYET.

26. [loxkaxkuTe, 4TO MPHU MapaJuIeTLHOM MEepeHoce mapai-
JIeJIOrpaMM [IEPEXOJUT B PaBHBIM €My Iapajuieno-
rpaMm.

D’ c b ¢
o
[>T =<
B" 4 B

[Tycte ABCD — mannsiii napamienorpamm, a A', B', C', D' — Toukwu, B
kotopeie mepexonsaT A, B, C, D. T.kx. mpu mapamienbHOM NEPEHOCE
TUIOCKOCTH TIEPEXOANT B MapajuIeNIbHYIO el TUIOCKOCTh (MM B ce0si), TO
mrockocts A’B’C’D” mapamnensHa miockoctd ABCD.

T.k. Ipu napauieNbHOM MEePeHOCe TOYKH CMEIA0TCS MO Mapauieib-
HBIM (UM COBIAJAIOIIMM) IMPSIMBIM Ha OJHO M TO XXE€ PACCTOSIHHE, TO
AA'||BB'||CC'||DD'u AA'=BB'=CC'=DD"

Tak uto B wetslpexyroipHuke AA'D'D mpoTHBONEXAamye CTOPOHBI
napajuielibHbl U paBHEI, a, 3HauuT, AA'D'D — napamnenorpamm. Torga
A'D'=ADuA'D'| AD.

Ananornyao A'B' = AB u AB' || AB; CD' = CD u CD' | CD;
B'C'=BCuB'C'| BC.

T.k. nBe npsiMble, apaJuleNIbHBIC TPEThel, apauleNIbHbI, TO MOJyYa-
em, uto A'D' || B'C', A'B'|| C'D".

A, 3Haunt, A'B'C'D' — mapamnenorpaMM, paBHBIA MapajuieIorpaMMy
ABCD (T.K. COOTBETCTBYIOIIHE CTOPOHHI paBHBI). UTO M TpeOoBaIoCh
JIOKa3aTh.

A

27. Yetblpe napajulesibHbIE MPSIMbIE MEPECEKAIOT Mapall-
JIeTIbHBIE TUIOCKOCTH B BEPIIMHAX MapauIeIOrpaMMOB
ABCD u A;B;C D, coorBercTBeHHO. Jlokaxkure, 4TO
rapasuiesIorpaMMbl ABCD u ABC /D,
COBMEIIAIOTCS TApAIIIEIBbHBIM IEPEHOCOM.
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D1 C1

A /B

T.X. OTpe3kH mapauIeTbHBIX MPSMBIX 3aKIIOUCHHBIX MEXAY Iapai-
JIETBHBIMU TUIOCKOCTSIMH, paBHbI, TO0 AA; = BB, = CC,; =DD, =x.

Bepmunsl napamnenorpamMa ABCD nepexofsT B BepIIMHBI apaj-
nenorpamma A;B;CiD; no napajienbHbIM NpSMBIM Ha OJHO U TO K€
paccTosiHAE X, a, 3HAYUT, OHA CMEMIAI0TCS Ha OJIWH ¥ TOT K€ BEKTOp X , a
9TO U €CTh MapaJUIEIbHBIN TIEPEHOC.

Takum oOpaszom, mapamienorpammbel ABCD u A;B;C;D; coBmenia-
IOTCS TapaUIeTbHBIM ITepeHOoCcOM. UTo U TpeOOBAIOCH TOKA3aTh.

28. JokaxwuTe, 4TO Ipeobpa3oBaHre TOMOTETUH B MPO-
CTPaHCTBE SBJIACTCS MPeoOpa3oBaHUEM MOAO0US.

B,

(&

ITycts S — LEHTp TOMOTETHH, TOTAA SA _SB u £BSA=2ZBSA,,
SA® SB’
Tak uTo ASAB~ASA B, 3HaunT
ABi_SAL ¢ aanormamo, D151 =SB
AB SA BC SB

—— =——+=K, rne K — koa(ppuimesT romoTeTnu.
AC SA o
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CrnenoBarennbHoO,

AB, _B(C, _AC _
BC AC

K, u no tperpemy npusHa-

ky AABC ~AB,C, To ectp peoOpa3oBaHie TOMOTETHH B IPOCTPAHCT-
Be sIBJIsieTCs] MpeoOpazoBaHueM noaoous. Uto U TpeboBasioch 10Ka3aTh.

29.

Tpu mpsMEIe, TPOXOAIINE Yepe3 TOUKy S, mepece-
KaloT TaHHYIO IJIOCKOCTh B Toukax A, B, C, a mapan-
JIeNbHYIO €il mIockocTh B Toukax A, By, C;. Jloka-
)kute, 4yrto TpeyrombHuku ABC u  ABC
TOMOTCTHYHBL.

Nmeem AB || A|By; AC || AiCy; BC || B|Cy, T.K. 3TH psiMBIe JIeXaT B
miockocTax SA By, SA|C;, SB,C, cooTBeTCTBEHHO, ¥ B MapalIeIbHBIX
mrockocTsax o u B. Tak uro ZSAC = ZSA,C;, ZSCA = ZSC A, Kak

COOTBCTCTBCHHBIC.

N 3nauutr, ASAC ~ ASA,C, (no nBym yriam). AHaJIOTHYHO,
ASAB ~ ASAB;, ASBC ~ ASB,C;.

s HOHO6I/I$I TPEYTrOJIbHUKOB CJICAYCT:

SA = S (ASAC ~ ASAC)) SA = SB (ASAB ~ ASAB))
SA, SC, > SA, SB, '
Tax uro &:EZS_B:](

SA, SC, SB, ’

1 1 1
.. SA; = —SA, SB, = —SB, SC, = —SC, rae K — ko> -
T 1 < 1 < 1 < I ko3 dunn

€HT Mo100us.
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A, 3nauntr, AABC u AAB,C, romorernynrl. Uto u TpeOoOBaIOCH
JI0OKa3aTh.

30. IIpsmast a nexUT B IUIOCKOCTH O, a mpsmast b mep-
NEeHJUKYJIIpHA 3TOW IUIOCKOCTH. YeMmy paBeH yroi
MEXIy MPSIMBIMH @ 1 b?

Yepes TOUKy mepecedeHus b U @ B TUIOCKOCTH 0L TIPOBEIIEM MPSAMYIO
a; mapamensHo a. Torna b L ay, a, 3Hauwnt, b L a (Teopema 18.3), T.e.
YroJl MeXIy NpsiIMbIMU a 1 b paBen 90°.

}/ A
4 —1

31. JlaHbI TpU TOYKHU, HE JIEKAILIUE HA OJHOHN NpPSMOM.
UYemy paBen yrox mexnay npssmeiMa CA u CB, Ecian
3TU IpsiMble 00pa3yloT yribl O u B ¢ npsmoil AB u
o+ <90°?

PaccMmoTpuMm Tpu ciyuas:

|);

pd
“ By 8
*

1) Mckomelit yron x — BHemHui yroa tpeyroasHuka ABC. Ho torna
OH pPaBEH CyMMe JIByX BHYTPEHHUX YIJIOB, HE CMEXKHBIX C HUM, TO €CTh
x=o+.
a B
g A

C

2) Bremrnuit yrom o = 3 + x, Torma x = o, — f.
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3) Buenuii yron B = o, + x, toraa x = 3 — o.
Tak uro x = o, + B wm x = |o. — B

32. IIpsawmsie a, b, ¢ napajuienbHbl OHOW U TOW XKe IUIoC-
Koctu. YeMy paBeH yros Mexmy npsiMbIMH b U ¢, ec-
JIM YTIIBI 3TUX MPSIMBIX ¢ IpssMOH a paBHEI 60° u 80°7

a\ /

1) 60° gof

13
b
(4
CymecTByIOT npsimble a’, b’ U ¢’, napajuiesibHble NMpsSIMBIM a, b | c,

JeXale B OAHOW IIOCKOCTH. YTIBI MeXIy a’, b’, ¢’ paBHBI yriam
MeXIy a, b u c.

1) oo+ 60° + 80° = 180°; o = 40°.

2) o.+ 60° = 80°; o = 20°.

33. JlokaxwuTe, 9TO Jr00as MpsiMas HA TUIOCKOCTH, IIep-
NEHUKYJIPHAs MPOEKLMH HAKIOHHOHM Ha 3Ty IUIOC-
KOCTb, TIEPIEHIUKYJISIpHa U HaKJIOHHOW. W obpartHo:
€ClIM IpsMasi Ha IJIOCKOCTH MNEpHeHAUKYIspHA Ha-
KJIOHHOM, TO OHa NMEepHEeHIUKYJIIpHA M MPOEKINH Ha-
KIIOHHOM.

3anmava pemieHa B yueOHuKe 1. 165 cTp. 47.
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34. 1) HdokaxuTe, 4TO mpsiMasi, IepeceKaromas napai-
JICJIbHBIC TIOCKOCTH, MEPECeKaeT UX IMOJ PABHBIMHU
yIiamH.

2) JlokaxxuTe, 4TO IJIOCKOCTh, MEpeceKaromias ma-
pajienbHbIe MPsIMBIE, MEPECEKAaeT UX MOJ PaBHBIMU
yIIamH.

1) a

/

(7
(F=7

1) B napauiesbHbIX IOCKOCTSX OL U [3, 4epe3 TOUKH [EPECEUCHUs UX
C JaHHOI NPSIMOM a NpOBeIEeM IIpsMBbIE b U ¢, TapauIebHbIE MEXIY CO-
60i1. Yriiel Y U @ paBHBI (COOTBETCTBEHHBIE YIJIBI MPU MapaIEIbHBIX
npsMBIX b U ¢, cekymei a). Uto 1 TpeboBaoch JOKa3aTh.

2) a b

/ [
oo

2) B mimockocT O MPOBEAEM MPSIMYIO ¢, Yepe3 TOUYKHU IepeceueHUs
ee C IPSIMBIMU a | b.

Torna yron B paBeH yrity ¥ (COOTBETCTBEHHBIC YIJIbI IIPH HapaLIeIb-
HBIX NIPSMBIX @ U b, cexy1ueit ¢). UTo u TpeboBanoch qoKa3aTh.

35. Touka A OTCTOHUT OT IUIOCKOCTH Ha pPaccTOsHHE /.
Haiinure mivHBI HAKJIOHHBIX, MPOBEACHHBIX U3 3TOU
TOYKH 1104 CJ'Ie)IyIOH_lI/lMI/I yFJ'laMI/l K TIIJIOCKOCTH:
1) 30°; 2) 45°; 3) 60°.

3anmava pemieHa B yueOHUKe 1. 166 cTp. 48.

36. Haxsonnas paBHa a. Uemy paBHa IpoeKLUs 3TOH Ha-
KJIOHHOM Ha IUIOCKOCTb, €CIIM HAKJIOHHAS COCTaBIISCT
C TUIOCKOCTBIO Yo, paBHbIi: 1) 45°; 2) 60°; 3) 30°?
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a B

ITycte AC — nanHas HakioHHas. Toraa omycTuM nepneHaukyassp AB
Ha IUIOCKOCTB O.

3uaunt TpeyronbHuk ABC — npsmoyromnsnslil. Tak kak ZB = =90°.
Z£C = 4D — no ycnosuto. BC — mpoekmnus HakioHHOH AC Ha mioc-
kocthb 0. Torna BC = AC- cos o.=a- cos o. Tak uro:

V2 _a

1) a=45° BC=a-cos45°=a—=—;
) >~

2) 0= 60°; Bc=a-cos60°=a-l=%;

W
1N\
pe)

3) =30°%BC=a-cos30°=q-— =
2 2

37. Ortpesok amuHO# 10 M mepecekaeT IMIOCKOCTh, KOHITBI
€ro HaxOJATCS Ha PACCTOSIHUAX 2 M U 3 M OT IJIOCKO-
ctu. Haligute yrosnm Mexay [OaHHBIM OTPE3KOM U

IIJIOCKOCTBIO.
B
3
Al 0 P r._ Bl
2
A o
a c

W3 xoH10B A 1 B, maHHOTO OTpE3Ka OIyCTUM MEepHeHINKYIAPE AA
n BB, Ha muiockocts. Torma AA;=2wm, BB;=3 M, AB=10M. ZBOB; -

HUCKOMBIIA.
IMposenem AC L BB, Torna OB,||AC u ZBAC = ZBOB, = ¢.

B mpsimoyronsHOM TpeyronsHuke ACB:
AB=10mM, BC=BB;+B,;,C=BB;+ AA;=5 (m).
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_

= —; TaKk uyro @ = 30°.
10 ®

N|»—'

sin :B—C'sin
¢ AR’ ¢

38. U3 Toukm, OTCTOSIIEH OT IUIOCKOCTA Ha PAcCTOSTHUE
a, TIPOBE/ICHBI JIBE HAKJIOHHBIE, 00pa3yoLye ¢ mioc-
KOoCcThEO yTibl 45° m 30°, a Mexmy coOoi mpsaMoi
yroi. Haiinure paccTosHue MeXy KOHLIAMH HaKJIOH-
HBIX.

)

[Tycte DC 1 DB nanHBIC HAaKIOHHEIE.

IIpoBenem AD — neprneHaukyssp k miockoctu o. AB u AC — mnpo-
exuy HaknoHHBIX DB u DC Ha miockocts . Tpeyromsanku DAB n
DAC — npsmoyronsHbie. Tak 9To

DC=a: sin45°:a\5;

DB =a :5in30° = 2a.

Janee, ABDC — npsiMOyTronbHBIH (110 YCIIOBHIO).

Torma o Teopeme Iludaropa:

BC= VDB? +DC? =242 + 44> =v6a> = a6.

39. U3 ToukH, OTCTOSIIEH OT IUIOCKOCTH Ha PAacCTOSHUE
a, TIPOBEJICHBI JIBE HAKJIOHHBIE, 00pa3yoLye ¢ mIoc-
KOCTBIO YTIIBI 45°, a Mexy coboit yrom 60°. Haiimute
paccTosiHie MeX/y KOHI[AMU HAKJIOHHBIX.
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[Tycte D — nannas touka. DB u DC — naknonssie. [TpoBexem

AD — nepneHauKymsp K INIOCKOCTH Ol

Torna AB nu AC — npoeKIny HaKJIOHHBIX Ha TIOCKOCTH OL.

Torma AABD u AACD — mnpsiMOyroJjibHble, paBHOOeapeHHbie. Tak
yto AB=AC=AD=a.

W3 3THX xe TPEYrOIbHUKOB HAXOIUM:

DC=DB=q:sin45°=a+2 .

Tak ato ABDC — paBHOOeapeHHEIH, a mockoinpky ZBDC = 60°, To
3HAYUT TpeyroasHIK BDC — paBHOCTOpOHHMI, T.€.

DB=DC=BC=0a+/2 .

40. W3 TOuYKH, OTCTOSIIEH OT IUIOCKOCTH Ha PAcCTOSHUE
a, TIPOBEAEHBI JIBE HAKIOHHBIE 1ox yrioM 30° k
IUIOCKOCTH, MPHYeM HX IPOCKIUU 00pa3yroT Yroid
120°. HaiinuTe paccTosiHME MEXAy KOHIIAMU HaKJIOH-
HBIX.

[Iycte A — nanHas Touka, AB u AC — naknonssie. [TpoBegem

AD — nepnenaukynsp K miockoctd o, BD u DC — npoexiuu Ha-
KJIOHHBIX Ha TUIOCKOCTB OL.

Tornga BD =DC =a : tg30° = a-ctg30°=a \/g .

av3 -3 _ 3a
2

Janee, BK=a \/3 -c0s30° = = 7 (rone K—cepennna BC)
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Tax yro BC = 2BK = 2- 370 =3a.

41. Yepez xkaTeT paBHOOEOPEHHOTO MPSMOYTOIBEHOTO
TPEeyroJIbHUKa NpOBe/ieHa IIOCKOCTh MOA yriioM 45°
KO BTOpOMY KarteTy. HaiinuTe yron Mexmy rurnoreHy-
30 U IUNIOCKOCTBIO.

8
A
/]
A
[Tycte ABC — naHHBIN TPEyTOJIBHHUK.

AC =BC = a (o ycnoButo).

Torma AB=a: cosd45°=a x/E .

Onyctum nepneHaukynap BD Ha miockocTs O.

ZBCD = 45° (mo ycnosuto). [Toatomy

a2 _ a
2 27

AABD — npsimoyronsHbIi, £y = ZBAD;

BD = BC:-co0s45° =

AB=a+2;BD=-%L.
a \/5
. _BD a 1
T = —=—: 2=—; y=30°.
aK 4ToO S1n AB \/E a\/_ > 'Y

42. Jloxaxkute, 4TO IUIOCKOCTb, TEpeceKarolas mnapai-
JIeNbHBIE TUIOCKOCTH, IMEpPEeceKaeT MX MOJ PaBHBIMU
YTIaMA.
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ITycte manbl wiockocTd ¢ || B u Y mepecekaer ux mo npsmbiM AB u
CD co0oTBETCTBEHHO.

Torna AB || CD (110 cBoiicTBaM napayuieNbHbIX MTIOCKOCTEN).

W3 pucyHKa 3aMETHM, YTO YIJIBI (® U A — HCKOMBI. JTO JIMHCHHBIE
YIIIBI ABYTPAHHBIX YIIIOB, 00Pa30BaHHbIX [NIOCKOCTAMH O, B 1 .

Z@ = Z\, Tak KaK 3TO COOTBETCTBCHHBIC YIJIBI IIPH IapauICIbHbIX
npsimbix AB u CD, u cexyuieli c. Uto u TpeGoBanoch g0Ka3ars.

43. JIBe miockocTu mepecekaroTcs mox yraom 30°. Touka
A, nexarias B OQHOM U3 dTHX IUIOCKOCTEH, OTCTOUT
OT BTOPOHM IIJIOCKOCTU Ha paccrosHue a. Halinure
paccTosiHUE OT 3TOM TOUKU [0 MPSMOU MEepeceueHust
IJIOCKOCTEH.

3anmaua pericHa B yueOHuke 1. 167 cTp. 49.

44. Haiigure yrom Mexnay IUIOCKOCTSIMH, €CJIM TOYKa,
B34Tasi HA OJHOM U3 HUX, OTCTOUT OT IPSIMOM mepe-
CEYEeHHS IUIOCKOCTEH BABOE JajIbllle, YeM OT BTOPOH
MJIOCKOCTH.

Ilycte B u y mepecekatorcs mo mpsmoit CD. Ae y. IlpoBenem
ABLICD u AA,LlB. Torma uckomsbiii yron ABA; paBen a. Ilycts
AA=a, Torna AB = 2a.
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Tpeyronsauk ABA| npsMoyronbHbli, TOATOMY

. 1
sing, =——=—=—, TaKk 4ro o = 30°.

45. JlBa paBHOOCIPEHHBIX TPEYrOJbHHKA MMEIOT oOIIee
OCHOBaHHE, a WX IUIOCKOCTH o00pa3yrr yrom 60°.
O61ee ocHOBaHKE paBHO 16 M, OOKOBast CTOPOHA Of1-
HOTO TpeyroyibHUKa 17 M, a G0KOBBIE CTOPOHBI JPYro-
ro MepIeHANKYJIApHBL. Halinure paccTosHue MeExmy
BEPIIUHAMH TPEYTOJIHHUKOB.

ITycte ABC u ABD pmannsie Tpeyroiasauku. E — cepennna AB (oc-
HoBaHue). Torna BO3MOXKHEI 2 ciydast:

1) ZCED = 60° (tak kak DE u CE — MeanaHbI 1 BBICOTBHI).
Torna CE =vAC? — AE? =172 — 8 =15 ().

D
b

(N
E B

1
PaccmoTpum npsimoyrosneHeiii A DEB:  DE :5 AB=8wm

(Tak xak ZEAD = ZEDA = 45°).

IIanee, I10 TEOPEME KOCUHYCOB!

CD*= CE*+ DE*- 2-CE-DE-coso. = 15>+ 8*—2-15-8-0,5; T0 ectb
CD*=169 (M), u

CD=13wm.
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2) ZCED = 180° - Lo =120°.
Torna CD*= CE*+ DE”— 2-CE-DE-cos(120°) =
=152+ 8%+ 2-15-8:0,5 =409 (M*) u CD = 4409 M.

46. PasnoGenpennsie TpeyronpHuka ABC m ABD ¢ 06-
MM OCHOBAHUEM AB nexar B Ppa3IMYHbIX I1JIOCKO-
CTSIX, Yol MeXAy KOTOpbIMH paBeH O. Haiinute

COS0l., €CITH:
1) AB = 24cm, AC = 13cm, AD = 37cwm,
CD=35cwMm;
2) AB = 32cm, AC = 65cm, AD = 20cwm,
CD =63 cm.

Kak u B npenpinymeit 3anaue ZCED - HCKOMBIH.

1
1) AE =5 AB =12 cm (CE — Menmnana).



B AAEC:

CE =vVAC? — AE? =132 —122 = /169-144 =5 (cm).
B AAED:

DE = VAD? — AE? =372 122 =/1369-144 =35 (cm).

B ACED:

CEZ+ED?-CD? 5?+35%-352 55 1
2-.CE-ED 2535 2557 14

2) AE = %AB =16 oM.

CcosOl =

B AAEC:

CE =VAC? — AE? =652 —162 = /1225—256 = 63 (u).
B AAED:

DE =vAD? — AE? =1/20% 162 =400—256 = 12 ().
B ACED mno Teopeme KOCUHYCOB:

CE?+ED?-CD? 63 +122-63> 12 2

2-CE-ED 2-12-63 _2~63=21'

CcosOl =

47. KateTbl NpsMOYTOJIBHOTO TPEYTOIbHUKA PaBHBI 7 M U
24 m. Haiigute paccTOsIHHE OT BEPUIMHBI IPSIMOTO
yIiia 70 IUIOCKOCTH, KOTOpasi MPOXOIUT Yepe3 THIO-
TeHy3y M cocTaBisieT yroi 30° ¢ IJIOCKOCTBIO Tpe-
YTOJIBHUKA.

ITycte ACB — nmanssli Tpeyronpauk. [IpoBenem CD L o, rae mioc-
KOCTh O, IPOXOAMT uepe3 runoreny3y AB u obpaszyer £¢ = 30°. [Ipose-
nem CE L AB. Torna ZCED = ZL¢ =30°.

Tanee, AB =y AC2 + BC2 =242 +72 = /576 +49 = /625 = 25 ().
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1
Janee, Sxasc :E -CE-AB, ¢ npyroiif CTOPOHBI:

1 1 1
SAABC:E ACBC, TakK 4ToO E CE-AB = E ACBC,

crACEC_HT (o,

N3 ACDE HalinemM HCKOMOE PacCTOsTHHE:

CD = CE-sing = 6,72-sin30° = 6,72-% = 3,36 (m).

48. JlaH paBHOCTOPOHHHUH TPEYTOJBHUK CO CTOPOHOH d.
Haiingute nnomans ero OpTroroHalbHON IIPOEKLUN Ha
IUIOCKOCTh, KOTOpas o0pa3yeT C IUIOCKOCTBIO Tpe-
yroJibHUKa yrou, paBHbd: 1) 30°; 2) 45°; 3) 60°.

Ilycte AABC - naHHbIi, paBHOCTOPOHHHM.

IIposenem BeicoTy CE, 1 CD — nepneHauKymsp K IUIOCKOCTH 0.

Torga mo Teopeme 0 Tpex nepneHaukysspax ee npoekuus ED Oynaer
BbIcOTOM TpeyronasHuka ADB, yron CED — yron Mexay MIOCKOCTSMU
ACDuwu o, t.e. ZCED = 0.

W3 mpsimoyronsHoro tpeyronsauka CED: ED = CE-cos.

ADB — oproronansHas mpoekmus TpeyronpHuka ACB Ha mioc-
koctb o. Torna

2
Saog :% .AB-DE = %AB-CEcosq) = Sanccos@. Ho Sypc = & f ’

Tak kKak AABC — paBHOCTOPOHHHIA.
a3
Torma Sapg = TCOS 0.
Tak yto0:
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a3 J3_3a

1)(p=3OO;SADB:—'_7 5

4 2 8
az\/g \/5 az\/g
2) ¢ =45° Sapp= T-TZT;

RRE

1
4 2 8

3) ¢ =60°; Sapp=

49. 1) HaiinuTe muomane TPEyroJbHAUKA OPTOTOHAIBHON
npoekiu TpeyrodpHuka ABC u3 3amaunm 46 Ha
IUIOCKOCTh TpeyroibHuka ABD.

2) Hafigure 1uiomanp TPEYrolbHUKA OPTOTOHATBHOMN
npoekimu TpeyroabHuka ABD w3 3amaum 46 Ha
IUIOCKOCTh TpeyroiabHuka ABC.

C

B

1) Sapp” = Sapc-cosa., rae ABD’ — oproroHanbHas npoekius AABC
Ha AABD.

! 1
Ho Sppc= 3 CE-AB = 3 524 = 60 (M),

1 30 2
Sapp = 60-cosoL = 60- 1 :7 = 7 (cM) (cMOTpH pertieHHe 3a1aun 46).
2) Sapc” = Sapp-cost, e AABC' — OpTOroHaibHAs MPOEKIIUS

AABD Ha AABC.

Ho Sapp= % ‘ED-AB :% 12:32 =192 (cm?).

Tak 9to Sppce = 192- o1 =—= 18% (M%) (cMOTpH pertieHHe 3aaun 46).
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50. Janus! yetbipe Touku A(2;7;-3), B(1;0;3), C(—3;-4;5),
D(—2;3;—-1). Haiinute cpeau BektopoB AB, BC, DC,
AD , ACu BD PaBHBIE BEKTOPBI.

3anaua penieHa B yueOHuke 1. 169 ctp. 51.

51. Hamer tpu toukm A(1;0;1), B(-1;1;2), C(0;2;-1).
Haiinure touky D(x;y;z), ecnn BekTopsl AB u CD
paBHBI.

AB = -1-11-02-1)=(-2;1;1);

CD = (x = 0;y — 2;z + 1); Tak Kak AB = C_D, TO MOJYYaeMm:
x=0=-2,x=-2;y-2=1,y=3;

z+1=1,z=0. Tak uro D(-2;3;0).

52. Haiigure D(x;y;z), ecnmu cymma BEKTOPOB AB u CD
paBHa Hymo. A(1;0;1), B(—1;1;2), C(0;2;-1).

AB =(-1-1;1-02—1)=(-2;1;1);
CD =(x—-0;y—2;z+1)=(x;y-2; z+1)

-24+x=0 x=2
AB + CD=0, 10 ectb {1+y-2=0 | y=1 Tax uro D(2;1;-2).
1+z+1=0 z=-2"

53. JlaHBI BEKTOpPHI (m) u (3,271) IIpu xakux m u n

3TH BEKTOPHI KOJUTHHEAPHBI?

Jist Toro 4toObl BEKTOPHI OBUIM KOJUIMHEAPHBI, WX KOOPAWHATHI

JOJIKHBI OBITH IpOonoOpUUOHAJIBHBI TO €CTh
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54. [an Bexrop a (1;2;3), HaliguTe KOJUIMHEAPHBIH eMy
BekTOp ¢ HadaimoMm B Touke A(1;1;1) m B Ha mioc-
KOCTH X).

3anmaua pemieHa B yueOnuke m. 170 ctp. 52.



55. HpI/I KaKOM 3HAQUY€HUU n JAaHHBIC BeKTOpLI HepHeHI{I/I—
KyJI;IpHBIZ
1) @ (2;-1;3), b (1;3;n);
2) @ (m=2;1), b (n;—m;1);
3) @ (n-2;1), b (n;2n;4);
4) @ (4;2n;-1), b (-1;1;n)?

VYciaoBue nepneHIuKyISIPHOCTH 3aUChIBAETCs KakK:

a-b=0.
) a-b=21+3(-1)+3n=0;2-3+3n=0;
3n:1;n:l;

3

2)@-b=nn+(=2)(-n)+1:1=0;
PH2n+1=0;(n+17?=0n+1=0;n=—1;
3)a-b=nn+2n(-2)+1-4=0;
n—4n+4=0;(n-2=0;n-2=0;n=2;

4) @-b=4(-1)+2n1+(=1)}n=0;-4+2n-n=0;
n—4=0;n=4.

56. Jlausr Tpu Touku A(1;0;1), B(-1;1;2), C(0;2;-1).
Haiinure Ha ocu z Takyro Touky D(0;0;c), 94T00BI BEK-

TOPHI AB u CD 6buin MePICHANKY IS PHBIL.

YcnoBue NEPHNCHAUKYIAPHOCTU 3alIMChIBACTCA:

AB-CD =0. Jlanee AB = (-1 —1;1-0;2—1)=(-2;1;1);
CD =(0-0;0—2;c + 1) = (0;=2;c + 1). Tak uto

AB-CD =-2:0+ (=2)-1+(c+1)1=0;
2+c+1=0;¢c-1=0;c=1.

57. Bextopel a u b o0pazytot yron 60°, a BEKTOp ¢ UM
nepreHaAnKysipeH. Haiinute abCONMIOTHYIO BEINYUHY

BekTOpa a +b +c.

ITo ycnosuto:
a’b=60° a"c=90° b c=90°

nMeem: |E+I;+E|=\/(E+I;+E)2 ;
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((a+b)+cy=(a+by+2c(a+b)+c’=
=a’+b*+2a-b+2a-c+2b-c+c’=
=a’+b*+c*+2a-b+2a-c+2b-¢;

a-c=0, bh-c=0 (o ycnoBuro, Tak Kak alc u ble ), TO
((c_z+l;)+5 = @2+b?+¢*+2a b, Ho TakKe

]|

_ 1 _
-b=|al|b |cos60°= 3 -|a@ |-| b |. Tak 4TO OKOHYATEIBHO:

|@+b +T|=/@+b +2)* =y|af+p P+l +atb] .
58. Bexropwl a, b, T eIMHWYHON IJIMHBI o0pazyrot
mormapao yrasl 60°. Haliaure yrom Mexmay BeKTopa-
MH:
Yaub+c;2)aub-c.

Wmeem:a-b =a-c=b -¢=1-1-cos60° = l;

[\

a-(b+c) 1 1

3HAYHT, @ = %2 90°.

59. Hansr getsipe Touku A(0;1;—1), B(1;-1;2), C(3;1;0),
D(2;-3;1). Haiinqure KOCHHYC yIia (0 MeXIy BEKTO-
pamu AB u CD.

3amaua pemiena B yueOHuke m. 170 cTp. 53.



60. Jamer tpm Toukm A(0;1;-1), B(1;-1;2), C(3;1;0).
Haiinure xocunyc yria C tpeyromsauka ABC.

B

C
ZC — yron Mexay BEKTOpaMu CA u CB.Ho
CA =(0-3;1-1;-1-0)=(=3;0;-1);
CB =(1-3;-1-1;2-0)=(-2;-2;2), nanee
|CA |=v9+0+1=+10;|CB|=v4+4+4=412=24/3;

CA-CB=(=3)(=2)+0-(=2)+(-1)-2=6-2=4.
Tax uto cosC = CA-CB = 4 = 2 = i
CA|-|cD| Y0432 30 V15

61. JloxaxxuTe, 4TO yroja (p MEXIy MPSMBIMH, COAEPIKa-

IIAMHU BEKTOPBl a W b, ompenernsercss n3 ypaBHe-
HUSL:

| =1a || |-coso.

Paccmorpum AACB, rae AC=a, AB=b u CB=b—a. Ilo TeopeMe
KOCHHYCOB:!

BC?= AC*+ AB*— 2-AC-AB-cos®, T0 ecTh
(@ —-b)yY=a’+b>-2|al|b |-cose.
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(a —b)yY=a*+b*-2a-b,1ak uro
a’*+ b?-2]al|b|coso=a’*+ b?-2-a-b, 10 ecth
a-b =|a | b |-cos@. Uto u TpeboBaIOCH TOKA3ATh.

62. 13 BepmmHbI npsmMoro yriaa A TpeyroiasHnka ABC
BOCCTaBJICH IeprneHIuKkyinsap AD K IiockocTd Tpe-
yrojabHuka. Haliniure KocuHycC yria @ MeXAy BEKTO-
pamu BC u BD, ecnu yron ABD paBen o, a yron
ABC pasen J.

Zp=£ZDBC.
IIposenem DE L BC.

ITo Teopeme o Tpex nepnenaukyispax AE L BC.
Tak uro TpeyronpHukn BAD u BAE —
MPSIMOYTOJIBHEIC
Tax yto BA = BD-coso,;
BE = BA-cosP = BD-coso.-cosP. Jaiee,
BE _BD-cosa-cosf
cosp= —=———"-—"-—=
BD BD

=coso.-cos.

63. Haknonnas obOpasyer yrou 45° ¢ wiockocthio. Uepes
OCHOBaHHE HAKIIOHHOW MPOBEJICHA MPsMasi B ILIOCKO-
CTH 1O yTIIoM 45° K mMpoeKkuy HakiIoHHOW. Haiinute
YIoJI (9 MEXly 9TON NPSMON U HaKJIOHHOM.

Ilycts SB — pnanHast HakioHHasi, BA —
ee MPOEeKIHs, TO €CTh SA — MepIeHINKYIISIP.

Torma ZSBA =45° (1o ycnoBuio).
Z/SBE — uckomsrii; ZSBA=ZCBA = 45°,

J2 SB

AB =SB:cosSBA =SB —=—

2 2

(u3 ASBA , rme £4=90°).

CB v2 SB
CB = AB-cosCBA = —- £ =7( 10 TeOpeMe O TpeX MepIeHIU-

kynapax ACLBE, u tpeyronsauk CBA — mpsiMOYyToJIbHBIH);
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£ SBC = ¢ B npsiMoyrosibhoM ASBC .

BC 1
Torma cos@ = S_B = 7: SB = —, TaK 4To

¢ = 60° — HUCKOMBIi1 yroi.

64. 3 ToUkM BHE INIOCKOCTH NPOBEICHBI IEPIICHIUKYIISP
W JIB€ paBHbIC HAKIIOHHbIE, 0Opa3yloIIUe YIJbl O C
MEPHECHANKYIIPOM. HAWIUTE Yroyl (¢ MEXIy TNpOeK-
LUSIMUA HAKJIOHHBIX, €CIIM YTOJ MEXAY HaKIOHHBIMH

B.

S
AN

B

[Iycte AB u AC — nansbie HaKIOHHBIE, AO — IEpICHIUKYIISP.
Torpa uckomsiit yroa @ = ZBOC — HCKOMBIIA.

OB = OC = g (kak paBHbIE ITPOECKIINHU PaBHbIC HAKJIOHHEIE).

Paccmotpum ABOC:
OB? +0C? -BC? 24” -BC?
cosQ = = .
?~ 72 0B oc 24>
Janee, AB = AC.
Janee u3 ABAC : BC? = AB? + AC? —2AB-AC-cosp.
a
Ho AB=AC=— (3 AAOB). Tak 4To
sin a
BC2 = a? + a’ 5 2 cosP
sin o sin’ o sin? o
WDy o
HCOS(p: ZSIH o =1_( C;)S ):COS ;OS (X..
2a sin” o sin” o
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